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Introduction Gravitational One Loop Divergences Conclusion

Renormalization

loop diagrams are in general UV divergent
Regularization by momentum cut-off Λ or dimensional
regularization d = 4− ε
Renormalization by adding counterterms introduces
renormalization scale µ
comparison with bare theory yield running of couplings
g(µ) and other parameters, e. g. masses, which is encoded
in the β function

βg ≡ µ
dg
dµ
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Gravitation

Gravity as an effective field theory

Perturbatively quantized Einstein gravity is famously
nonrenormalizable
Nevertheless it can be treated consistently as effective
field theory [Donoghue’95]

Sgrav =
∫

ddx
√
−g
{

Λ +
1

16πGN
R + c1 R2 + c2 Rµν Rµν + . . .

}
The higher derivative terms arise in loop expansions, the
values of their couplings are largely undetermined,
e.g. c1, c2 ≤ 1074

[Stelle’78]

Question in this framework:
Does inclusion of gravity alter the running of the Standard
Model couplings

gMaxwell(µ), gYM(µ),YYukawa(µ), λϕ4(µ), ? [Robinson,Wilczek’06]
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Gravitation

In four dimensions

0

0.2

0.4

0.6

0.8

1

1.2

1.4

g

2 4 6 8 10 12 14 16 18 20

log[10](E/GeV)

[Robinson,Wilczek’06] in background
field method and cut-off
regularization:

βg
∣∣
κ2 = − 1

16π2
3
2

E2 κ2 g

[Pietrykowski’06], [Toms’07] and [Ebert,
Plefka, AR’07] found independently:

βg
∣∣
κ2 = 0
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Gravitation

The Einstein-Hilbert Action

S =
∫

ddx
√
−g 2

κ2 R + Lmatter(gµν ,Φ) + Lgf + Lgh

dimensionful coupling κ =
√

32πGN , [κ] = 1− d
2

Splitting the metric in flat background and graviton field:

gµν ≡ ηµν + κhµν

√
−g = 1 + κ

2 h + κ2

8

(
h2 − 2hαβhαβ

)
+O(κ3)

gµν = ηµν − κhµν + κ2hµαhαν +O(κ3)

R = κ (�h− ∂µ∂νhµν) +O(κ2)

with h ≡ hαα.

with h ≡ hαα.
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The Einstein-Hilbert Action
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ddx
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−g 2

κ2 R + Lmatter(gµν ,Φ) + Lgf + Lgh

dimensionful coupling κ =
√

32πGN , [κ] = 1− d
2

Splitting the metric in flat background and graviton field:

gµν ≡ ηµν + κhµν

√
−g = 1 + κ

2 h + κ2

8

(
h2 − 2hαβhαβ

)
+O(κ3)

gµν = ηµν − κhµν + κ2hµαhαν +O(κ3)

R = κ (�h− ∂µ∂νhµν) +O(κ2) with h ≡ hαα.

We use de Donder gauge: ∂νhµν − 1
2∂µh = 0
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Gravitation

Expansion in the field variables yields Feynman rules for
vertices of arbitrary order in h:

h0 h1 h2 h3 h4

A2 . . .

A3 . . .

A4 . . .

z. B. L
∣∣
O(h,A2)

= κ∂µAa
ν∂[ρAa

σ]

(
hµρηνσ + ηµρhνσ − 1

2 h ηµρηνσ
)

Which vertices are needed?
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Large Extra Dimensions

Space Time topology

M = R1,3 × Tδ

The coordinates are denoted
by XM = (xµ, yi)
In large extra dimension
senarios the actual gravity
scale can be much lower as
the experienced Planck scale
on the brane [ADD’98]:

M2
(d=4) = (2πR)δ︸ ︷︷ ︸

Vδ

MD−2
(D)
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Large Extra Dimensions

S =
∫

dDxLbulk +
∫

ddxLbrane

For a generic Bulk field Φ:∫
dDx 1

2∂MΦ∂MΦ =⇒
∫

ddx
∑
~n∈Zδ

1
2∂µΦ(~n)∂

µΦ(~n) + 1
2 m2

(~n)Φ
2
(~n)

with Φ(X) = V−1/2
δ

∑
~n∈Zδ Φ(~n)(x)ei~n·~yR and m2

(~n) = ~n·~n
R2

The induced brane metric

GMN(X) = ηMN+κ(D)hMN(X) =⇒ gµν(x) = ηµν+κ(d)

∑
~n∈Zδ

h(~n)
µν (x)

+ brane tension effects
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Yang-Mills Theory

The Yang-Mills Lagrangian

LYM = −1
2
√
−ggµνgρσ tr[FµρFνσ]

Fµν = ∂µAν − ∂νAµ − ig[Aµ,Aν ]

Fa
µν = ∂µAa

ν − ∂νAa
µ + gf abcAb

µAc
ν

Due to Slavonov-Taylor indentities only the renormalization
of the two-point function is needed to calculate the gravity
contribution to βg

The higher derivative (HD) terms expected to appear at
one-loop are

tr {DµFµρDνFνρ} and tr
{

F β
α F γ

β F α
γ

}
.
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Yang-Mills Theory

Graviton Loop Corrections to the Gluon Two and Three Point Function

(a) (b)
1
2

∼ κ2

(c) (d) (e) 1
2

∼ gκ2
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Yang-Mills Theory

The Gluon–Graviton Vertices with Two Gluon Lines

p q

µ a ν b

α β

= −iκδab[Pµν,αβp·q + ηµνp(αqβ) + 1
2η
αβpνqµ

−pνηµ(αqβ) − qµην(αpβ)
]

p

qµ a

ν b

αβ

γδ

=
i
2
κ2δab[(pνqµ − p·q ηµν)Pαβ,γδ

+p·q(2Iµν,α(γηδ)β + 2Iµν,β(γηδ)α

−Iµν,αβηγδ − Iµν,γδηαβ)
+2p(αqβ)Pµν,γδ + 2p(γqδ)Pµν,αβ

+
{

2pαην[µηβ](γqδ) + 2pγην[µηδ](αqβ)

−pν(qαPµβ,γδ + qβPαµ,γδ

+qγPαβ,µδ + qδPαβ,γµ)
}

+ {(p, µ)↔ (q, ν)}
]

where we have defined Pµν,αβ ≡ 1
2(ηµαηνβ + ηµβηνα − ηµνηαβ).
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Yang-Mills Theory

Field-Strength Renormalization

κ2
= iδab(q2ηµν − qµqν)∆ + iδabq2(q2ηµν − qµqν)∆̃ + · · ·

∆ = iκ2 d − 4
8d

(
d2 − 4d + 8 +

(d − 2)(d − 8)
(D− 2)

)∑
~n

∫
ddk

(2π)d

1
k2 − m2

~n

∆̃ = iκ2 (d − 2)2

2(d + 2)(D− 2)
(
3− d

+
δ

d
(4− 3

2 d)
)∑

~n

∫
ddk

(2π)d

1
k2(k2 − m2

~n)
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Yang-Mills Theory

Field-Strength Renormalization

κ2
= iδab(q2ηµν − qµqν)∆ + iδabq2(q2ηµν − qµqν)∆̃ + · · ·

∆ = iκ2 d − 4
8d

(
d2 − 4d + 8 +

(d − 2)(d − 8)
(D− 2)

)∑
~n

∫
ddk

(2π)d

1
k2 − m2

~n

Gravitational contribution to the YM β
function in 4+δ dimensions

βg
∣∣
κ2 = 0
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Yang-Mills Theory

Field-Strength Renormalization

κ2
= iδab(q2ηµν − qµqν)∆ + iδabq2(q2ηµν − qµqν)∆̃ + · · ·

∆ =
2

(4π)D/2−1Γ( D
2 )

d − 4
(D− 2)2

(
(d − 3)(d − 2)

+
δ

d
(d2 − 4d + 8)

)ΛD−2 − µD−2

MD−2
(D)

Gravitational contribution to the YM β
function in 4+δ dimensions

βg
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Yang-Mills Theory

The Divergences of the Three Gluon Graphs

κ2 = g f abc[ηµν(pρ(2p·q + p·k + 3q·k)
−qρ(2q·p + q·k + 3p·k)) + . . .
− (kµkν(p− q)ρ + . . . )
− 3(pρqµkν − pνqρkµ)

]
∆̃

In four (brane) dimensions the only counterterm needed in
one-loop Einstein-Yang-Mills theory is

Lc.t.
YM =

1
(4π)1+δ/2Γ

(
δ
2 + 1

) 8
3δ

Λδ − µδ

Mδ+2
(4+δ)

tr {DµFµρDνFνρ}
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Scalar Field

Ls =
√
−ggµν

[
(Dµφ)†Dνφ− m2

φφ
†φ+

λ

2
(φ†φ)2

]

Dµ = ∂µ − igAµ

The higher derivative terms expected to appear at one-loop are

(Dµφ)†Dµφ , (D2φ)†D2φ , ig(Dµφ)†FµνDνφ , g2φ†FµνFµνφ .
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Scalar Field

(Dµφ)†Dµφ , (D2φ)†D2φ , ig(Dµφ)†FµνDνφ , g2φ†FµνFµνφ
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Scalar Field

+ crossed + crossed + crossed + crossed

+ crossed + crossed + crossed + crossed

+ crossed + crossed + crossed + crossed

(Dµφ)†Dµφ , (D2φ)†D2φ , ig(Dµφ)†FµνDνφ , g2φ†FµνFµνφ
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Scalar Field

Scalar field-strength and HD renormalization mφ = 0

Lc.t.
s =

i
(4π)1+δ/2Γ

(
δ
2 + 2

)[2(8 + 5δ)
(δ + 2)2 (Dµφ)†Dµφ

Λδ+2 − µδ+2

Mδ+2
(4+δ)

−
{

(D2φ)†D2φ− 1
3 ig(Dµφ)†FµνDνφ+ 1

6 g2φ†FµνFµνφ
} Λδ − µδ

Mδ+2
(4+δ)

]

Note: Without extra dimension (δ = 0) the HD corrections
vanish.
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Scalar Field

Renormalization of the ϕ4 coupling – for a real scalar

Lr = −Zϕ 1
2ϕ∂

2ϕ− Zm2
ϕ

1
2 m2

ϕϕ
2 − Zϕ4

λ
4!ϕ

4 + . . .

Zϕ − 1 =
κ2

16π2 m2
ϕ

2
d − 4

Zm2
ϕ
− 1 =

κ2

16π2 m2
ϕ

2
d − 4

Zϕ4 − 1 =
κ2

16π2 4m2
ϕ

2
d − 4

β Function

βλ
∣∣
κ2 = − κ2

4π2 m2
ϕλ
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Fermions

Lf =
√
−gψ(i/D − mψ − Yϕ)ψ

/D = γaeµaDµ
Dµ = ∂µ − iΩµ − igAµ

The higher derivative terms expected to appear at one-loop are

iψ /Dψ , iψ /D /D /Dψ , iψ /DD2ψ , iψD2 /Dψ , iψDµ /DDµψ .
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Fermions

iψ /Dψ , iψ /D /D /Dψ , iψ /DD2ψ , iψD2 /Dψ , iψDµ /DDµψ
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Fermions

Fermionic field-strength and HD renormalization mψ = 0

Lc.t.
f =

i
(4π)1+δ/2Γ

(
δ
2 + 2

) ψ[3(11 + 9δ)
(δ + 2)2

Λδ+2 − µδ+2

Mδ+2
(4+δ)

/D+

+
{
−(10 + 49

8 δ) /D /D /D− (58
3 + 143

12 δ) /DD2

+ ( 41
3 + 109

12 δ)D2 /D + ( 41
3 + 109

12 δ)Dµ /DDµ
}Λδ − µδ

δMδ+2
(4+δ)

]
ψ
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Fermions

Renormalization of the Yukawa coupling

for uncharged fermion and scalar

Lr = Zψψi/∂ψ − Zmψmψψψ − ZϕψψY ϕψψ + . . .
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Fermions

Zψ − 1 =
κ2

16π2
1
4

m2
ψ

2
d − 4

Zmψ − 1 =
κ2

16π2
1
4

m2
ψ

2
d − 4

Zϕψψ − 1 =
κ2

16π2 (3
4 m2

ψ + 1
4 m2

ϕ)
2

d − 4

β Function

βY
∣∣
κ2 = − κ2

16π2 (m2
ψ − 1

2 m2
ϕ)Y
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Summary and Outlook

The Yang-Mills β-function receives no contributions form
gravitational self-coupling.
Yukawa and ϕ4 interactions receive gravitational
corrections
The spectrum of HD corrections is not restricted to
Lee-Wick terms.

Next step: Non-Perturbative Methods

Functional Renormalization Group Equation [Wetterich’93,Reuter’98]

µ
∂

∂µ
Γµ[Φ] =

1
2

Tr
[
µ
∂Rµ
∂µ

(
Γ(2)
µ [Φ]Rµ

)]
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Thank you!
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