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Abstract

Dielectric microdisk resonators are a type of optical whispering gallery mode
(WGM) resonators in which the light field is confined near the circumference
of the structure via continuous total internal reflection. In this thesis, the
quality factor (Q–factor) measurement of on–chip silica microdisk resonators
is demonstrated.

Chapter 1 provides an introduction to whispering gallery mode resonators.
Several parameters to describe the performance of optical resonators are then
presented, followed by the coupling model used in this thesis for Q–factor
measurement in which an optical nanofiber is used for light coupling.

In Chapter 2, the on–chip microdisk resonators studied in this thesis are in-
troduced. The resonators are made of silicon dioxide (silica) and they are
grown on silicon wafers. This chapter presents a description of the fabrica-
tion process, followed by a morphological study, the mode analysis of the
fabricated microdisks, and a pre–analysis of Q–factor.

In Chapter 3, the optical and mechanical setup established for the Q–factor
measurement in the frequency domain are described, together with a detailed
analysis of the mode propagation in optical nanofiber.

In Chapter 4, the performance of the experimental setup is at first evalu-
ated using a bottle microresonator. Then, the Q–factor of 200 µm diameter
microdisks with different thicknesses (i.e. different numbers of supported
modes) are measured, and intrinsic Q–factor on the order of 106 are obtained.

In Chapter 5, the main conclusions of the thesis are summarised, and possible
improvements of this experiment are discussed.
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Introduction

Whispering gallery mode (WGM) microresonators have been of great inter-
est due to their compact sizes and their very high quality factors (Q–factor).
They have been used in many fields of research, such as sensor technolo-
gies [1–4], narrow linewidth laser module [5, 6], light switches and filters for
optical communication [7, 8], cavity quantum electrodynamics [9], the fre-
quency comb generation [10] in the high precession spectroscopy [11, 12].
All these applications rely on the spatial and temporal confinement of light
by the microresonator [13], among which the Q–factor describes the tempo-
ral confinement properties. Several examples of different WGM resonators
are the microshperes, microtoriods, microdisks, microrings, and bottle res-
onators, all of which have cylindrical symmetry as their common geometry.
Among different WGM resonators, this thesis focuses on the on–chip silica
microdisk resonators. Monolithically integrated systems with microdisk res-
onators offer a unique potential for sensor technologies, such as temperature
sensors [14, 15] and bio-sensors [16] that can benefit from such systems.

By continuous total internal reflection (TIR), the circular symmetry defines
the path for the light propagating in dielectric resonators near the curved
boundaries [17]. These is the so-called whispering gallery modes (WGMs).
During the TIR process from the curved surfaces of the resonator, evanescent
fields of WGMs occur in the region between the boundaries of the resonator
and the caustic points [18]. These evanescent fields can thus be used for light
coupling in (and out) to (from) the resonators with the help of evanescent
couplers such as an optical nanofiber used in this thesis work. And the
coupling efficiency is modified by the overlap of the evanescent fields of the
two components. In other words, by changing the relative distance between
the nanofiber and the resonator.

In this thesis, Q–factor measurement in the frequency domain is achieved by
measuring the power transmitted through the nanofiber to obtain the reso-
nance linewidth ∆ν of the resonator. And ∆ν can be used for the calculation
of the intrinsic Q–factor according to its definition.

1



1 Fundamentals of whispering gallery mode

microresonators

1.1 Parameters of optical WGM resonators

Figure 1: WGMs in a ray optics description.

The first description of the whispering gallery waves phenomenon was made
by Lord Rayleigh and discovered for sound waves traveling along the circular
dome of St Paul’s Cathedral in London [19]. A whisper could be passed from
one person to another in the interior of a whispering gallery if both persons
were close enough to the wall. Similarly, dielectric structures with circular
symmetry allow electromagnetic waves to propagate along the circumference
in a way of the so-called whispering gallery modes (WGMs). WGMs are
commonly imagined as closed-trajectory rays confined by the continuous total
internal reflection from the curved surface of the resonator [20], as illustrated
in Figure 1.

In a WGM resonator with a radius R, a circulating light with wavelength
λ≪ R can constructively interfere when after a round trip it returns in phase,
i.e. with a phase shift equal to an integer l multiple of 2π. This condition is
fulfilled only for distinct wave numbers k = 2π/λ and at resonance, the light
intensity inside the optical resonator reaches a peak value due to constructive
interference. The resonance condition can be expressed as [21]:

2πnR ≈ lλ (1.1)
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where n is the refractive index of the resonator material. This equation
describes that in order to have constructive interference, the multiple wave-
lengths should be approximately the circumference of the resonator.

In Figure 2, the calculated transmission spectrum of a general waveguide
coupled with a WGM resonator is plotted. The spectrum with respect to
frequency is a set of equally spaced dips and the frequency spacing between
two consecutive resonance dips νi and νi+1 is called the free spectral range
(FSR) ∆νFSR:

∆νFSR = νi+1 − νi =
c

n2πR
(1.2)

FSR is size-dependent and for microresonators with smaller diameters, the
resonance frequencies are more sparsely distributed throughout the spec-
trum [22].
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Figure 2: The calculated transmission spectrum of a general waveguide cou-
pled with a WGM resonator. The transmitted power as a function of the
optical frequency shows dips with Lorentzian shape. The individual dips oc-
cur at the frequencies of the modes of the resonator, with full width at half
maximum (FWHM) linewidth ∆ν and the frequency spacing of free spectral
range (FSR).
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An essential parameter to evaluate the performance of a resonator is the qual-
ity factor (Q–factor) which is defined as the product of the given resonance
frequency ν0 and the photon lifetime τ0 inside the resonator [23]:

Q = 2πν0τ0 (1.3)

A high Q–factor indicates a long photon lifetime. The Q–factor can alterna-
tively be calculated as the ratio of the resonance frequency ν0 and the full
width at half maximum (FWHM) of the resonance linewidth ∆ν = 2π/τ0 :

Q =
ν0
∆ν

(1.4)

With the spectrum in Figure 2 one obtains the loaded Q–factor (see Sec-
tion 1.3). Both ν0 and ∆ν can be measured from the transmission spectrum,
providing an experimental method for the measurement of the Q–factor. In
practice, as will be discussed in detail in Section 2.3, there exist some loss
channels, for example, losses resulting from the leakage of light due to the
curvature of the resonator, losses caused by absorption of the material itself
and scattering due to the imperfection or roughness of the resonator surface,
as well as in and out-coupling losses.

Other important parameters connected to the geometry of the resonators are
the Finesse and the mode volume. The Finesse is defined as [24]:

Finesse =
∆νFSR
∆ν

(1.5)

Which relates the free spectral range to the resonance linewidth and takes
into consideration both the photon time and the resonator size [25].

The mode volume Vmode is defined as [26]:

Vmode =

∫
V
ε(r)|E(r)|2d3r

max [ε(r)|E(r)|2]
(1.6)

where is ε(r) the dielectric constant of the material, |E(r)| is the electric filed,
and V is the integration volume. A small mode volume leads to a significant
enhancement of the nonlinear optical effects with low-power pumping to the
resonators [27].
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1.2 Total internal reflection and evanescent field

As anticipated, in WGM resonators, light is confined and propagates by con-
tinuous total internal reflection [28]. This phenomenon (see Figure 3) occurs
for light waves traveling in a medium with refractive index n1 and incident
into a medium with lower refractive index n2 with an incident angle θi larger
than the critical angle θc = arcsin (n2/n1). Because of the cylindrical sym-
metry, in WGM resonators, all subsequent incident angles are the same as
the initial incident angle, and therefore the ray of light is trapped.

n2

n1
θi

θt

→
ki

→
kt

exponential
decay

x

y

Figure 3: Reflection and refraction at an interface between two media with
refractive indices n1 and n2. The wave vectors of the incident wave and the
refracted and transmitted waves are labeled as k⃗i and k⃗t respectively. For
n1 > n2 and incident angles larger than the critical angle θc, the light field
is totally reflected at the interface and there exists an electromagnetic field
that decays exponentially beyond the interface. The penetration depth δ of
this evanescent field is typically on the order of the wavelength.

Additionally, under the total internal reflection condition, there still exists an
electromagnetic field on the other side of the interface that decays exponen-
tially in the lower refractive index medium. Therefore, the wave vector k⃗t of
the transmitted wave can be split into a component indicating the propaga-
tion along the interface and a component describing the propagation normal
to the interface as [29]:

E⃗t = E0t exp
{
i⃗kt [(cos θt) x̂+ (sin θt) ŷ]

}
(1.7)

where, θt is the angle of refraction and
∣∣∣⃗kt∣∣∣ = n22π/λ0. According to Snell’s
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law:

n1 sin θi = n2 sin θt (1.8)

the value for cos θt becomes imaginary when n1 > n2 and θi > θc. So that

cos θt =
√

1− sin2 θt = i

√(
n1

n2

)2

sin2 θi − 1 (1.9)

Since cos θt is purely imaginary, let’s define a real quantity called β and it

satisfies the equations kt cos θt = iβ. By substitution, the strength of the
transmitted wave can thus be expressed as

Et = E0t exp [−βx] exp
[
ikt
n1

n2

(sin θi) y

]
(1.10)

The former exponential factor represents exponential damping in the x–

direction, whereas the latter exponential factor denotes a traveling plane
wave along the y–direction. This damped field is called the evanescent field.
According to the damping factor in Equation (1.10), the strength of the decay
wave could be described as [29]:

E(x) ∼ e−x/δ

with

δ =
1

β
=

kt
√(

n1

n2

)2

sin2 θi − 1

−1

=
λ0

2π
√
n2
1 sin

2 θi − n2
2

(1.11)

which is typically on the order of wavelength λ0. The strength of the evanes-
cent field weakens exponentially as the distance away from the surface in-
creases. The pronounced evanescent field can be used for light coupling
between two optical components if they are close enough so that their evanes-
cent fields overlap. In this experiment, light is coupled from an evanescent
coupler to the resonator and vice versa. This phenomenon is known as “frus-
trated total internal reflection” where the evanescent field flows across the
air and enters into a medium with a higher refractive index [30]. Thus the
distance between the resonator and the evanescent coupler has to be on the
order of the wavelength.
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1.3 Light coupling methods

To measure the Q–factor in the frequency domain using Equation (1.4), the
light has to be first coupled into the resonators. When a coupling element is
present, energy is emitted from the resonator through this element. There-
fore, the Q–factor which contains the energy loss due to the presence of the
coupling element is referred to as the so–called “loaded Q–factor” through
Equation (1.4). There are several methods to couple light into a WGM res-
onator by using evanescent couplers. This is achieved by overlapping the
evanescent tails of the modes of the couplers with that of the WGMs. One of
the techniques are prism couplers based on frustrated total internal reflection
where the gap between the resonator and the prism can be optimized to ac-
complish critical coupling [31, 32]. But this method has some disadvantages.
In particular, because the prism couplers are bulky, they are challenging to
integrate with chip-based resonators.

In addition to prism couplers, angle–polished optical fibers [33] are also used
for the excitation of WGMs. The resonator is positioned in the range of the
evanescent field from the fiber core where an efficient energy exchange occurs
between the waveguide mode and the WGMs.

Here, an alternative coupling method is chosen, which is the optical waveg-
uide coupling using an optical nanofiber, realized as the waist of a tapered
optical fiber as sketched in Figure 4, allowing for almost total power trans-
fer to the WGMs. The nanofiber placed along the resonator enables easy
alignment of the input mode, as well as collection of the output light [34].
It is possible to realize a coupling ideality (which is defined as the amount
of power coupled into the desired mode) more than 99.97% [35] by using
the optical nanofiber. In which the coupling strength can be modified by
adjusting the distance between the nanofiber and the resonator. This means
that the optical energy can be coupled both to and from the optical resonator
with almost no loss [36].

A general description of the coupling of a resonator to an external light field
is given in [37]. In Figure 4, the model is referred to the coupling junction
between the nanofiber and the resonator by parameters τ0 and τe. τ0 is asso-
ciated with the energy decay rate of the mode due to internal dissipation in
the resonator, whereas τe describes the energy transfer between the external
light field and the resonator mode. It is assumed that an external light field
with angular frequency ω and amplitude s propagating along the nanofiber
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Figure 4: The model describing the coupling between the nanofiber and the
WGM resonator. An input field with amplitude s is sent into the nanofiber.
This input light field excites a resonator mode with amplitude a. The time
constant τ0 is associated with the energy decay rate of the mode due to
internal dissipation in the resonator, whereas τe describes the energy transfer
between the external light field and the resonator mode. The coupling is
monitored by the output field amplitude t.

excites a resonator mode with mode amplitude a and resonance frequency
ω0. In this case, the temporal variation of a is given by

da

dt
= i (ω0 − ω) a− 1

2

(
1

τ0
+

1

τe

)
a+

√
1

τe
s (1.12)

The first term implies that the resonance condition must be fulfilled in order
for power to build up in the resonator. The second term describes the decay
of the mode amplitude due to intrinsic resonator losses τ0 and the losses
caused by the nanofiber τe. The third term represents the coupling to the
external driving light field.

Hence, in the absence of an external driving light field, the decay rate of the
energy W is:

dW

dt
= a∗

da

dt
+ a

da∗

dt
= −

(
1

τ0
+

1

τe

)
W (1.13)

where W = |a|2 = aa∗. In this case, the energy stored in the resonator
decays due to the resonator’s intrinsic losses and the energy coupled back to
the nanofiber. The transfer of optical energy between the guided mode of
the nanofiber and the resonator mode strongly relies on the spatial overlap
between the evanescent fields of both components. As a result, varying the
distance of the coupling gap yields a different value for τe. Equation (1.13)
gives the following solution:

W = W0 exp
(
−t

(
τ−1
0 + τ−1

e

))
= W0 exp (−t/τload ) (1.14)
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where τ−1
load = τ−1

0 + τ−1
e is the overall decay rate of the energy in such a

nanofiber–resonator system. As a consequence, the Q–factor in the presence
of the nanofiber turns out to be Qload = 2πν0τload = ω0τload , and it can be
written in separated terms:

Q−1
load = (ωτ0)

−1 + (ωτe )
−1 = Q−1

0 +Q−1
e (1.15)

where the intrinsic Q–factor Q0 only contains the intrinsic resonator losses.

At a steady state, the rate of energy lost from the resonator equals the rate
of energy entering the resonator. If the external driving filed is at frequency
ω, the solution of Equation (1.12) is:

a =
sτ

−1/2
e

i (ω − ω0) + 1/2
(
τ−1
0 + τ−1

e

) (1.16)

To estimate the nanofiber transmission T = |t/s|2 for an arbitrary excitation,
it is useful to develop an equation for the output field amplitude t. For a
linear system, t is proportional to the sum of the input field amplitude s
and the resonator mode amplitude a weighted with appropriate coefficients
cs and ca, respectively:

t = css+ caa (1.17)

According to Equation (1.12), in the absence of external driving field (s = 0)
and without the intrinsic losses τ0 = 0, the mode decays at the rate 1/τe
because the transmitted waves take away the power. From Equation (1.12)
with (s = 0) and energy conservation:

d

dt
|a|2 = − 1

τe
|a|2 = − |t|2 (1.18)

Thus,

t =

√
1

τe
a = caa (1.19)

and

ca = −
√

1

τe
(1.20)

The second coefficient cs can again be evaluated using energy conservation,
which implies that the power incident to the resonator equals the build–up
energy in the resonator plus the energy dissipation from intrinsic losses:
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|s|2 − |t|2 = d

dt
|a|2 + 1

τ0
|a|2 (1.21)

From Equation (1.12), one has:

d

dt
|a|2 = −

(
1

τ0
+

1

τe

)
|a|2 +

√
1

τe
(a∗s+ as∗) (1.22)

Substituting Equation (1.22) to (1.21) gives:

− 1

τe
|a|2 +

√
1

τe
(a∗s+ as∗) = |s|2 − |t|2 (1.23)

Eliminating coefficient cs from Equation (1.23) by combining Equation (1.17)
together with Equation (1.20) gives the coefficient cs = 1.

Therefore, Equation (1.17) representing the output field amplitude of the
nanofiber has the form:

t = −s+
√

1

τe
a (1.24)

Inserting Equation (1.16) leads to:

t

s
=

1/2
(
τ−1
e − τ−1

0

)
+ i (ω − ω0)

1/2
(
τ−1
e + τ−1

0

)
+ i (ω − ω0)

(1.25)

The transmission T = |t/s|2 is a function of the frequency ν = ω/2π which
has a Lorentzian shape centered around the resonance frequency ν0. And
∆ω = 2π∆ν = τ−1

e + τ−1
0 = τ−1

load is the FWHM of a Lorentzian, which is
related to the loaded Q–factor by Equation (1.4) and (1.15). Here, τe depends
on the nanofiber–resonator distance, and decreasing the distance leads to a
decrease in the loaded Q–factor, which can be observed in a broader FWHM
in the nanofiber power transmission spectrum.

From Equation (1.25), one can derive the on-resonance transmission Tres =
T (ω = ω0):

Tres =

(
τ−1
e − τ−1

0

τ−1
e + τ−1

0

)2

(1.26)

According to [38], different coupling regimes can be determined by the ratio
of τ0/τe .

1. Under–coupled regime τ0/τe < 1. When the nanofiber-resonator
distance is large and τe >> τ0, only a small portion of the power transmitted
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through the nanofiber enters the resonator. Thus Tres is close to unity, and
it drops as the nanofiber-resonator distance decreases since there is more
power coupling from the nanofiber to the resonator. This regime is called
under-coupled because the incoupling rate to the resonator is smaller than
the resonator’s intrinsic loss rate and the nanofiber transmission is always
above zero.

2. Critically–coupled regime τ0/τe = 1. For a certain nanofiber–
resonator distance, the incoupling rate 1/τe equals the resonator intrinsic loss
rate 1/τ0 associated with τ0, meaning that the power transmitted through
the nanofiber is totally dissipated in the resonator. This regime is denoted
as critically–coupled. According to Equation (1.15), the loaded Q–factor in
the critically-coupled regime Qcrit is:

Qcrit =
ω0τ0
2

=
Q0

2
(1.27)

thus the measured Qcrit is half of the intrinsic Q–factor and thus the in-
trinsic Q–factor can be easily calculated in the critically–coupled regime.
In this thesis, the Qcrit is measured in the frequency domain, according to
Equation (1.4), one has

Qcrit =
ν0

∆νmeasured

=
Q0

2
(1.28)

with 2π∆νmeasured = τ−1
e + τ−1

0 = 2τ−1
0 .

3. Over–coupled regime τ0/τe > 1. When further decreasing the nanofiber–
resonator distance, the amplitude of the resonator field coupling back to the
nanofiber exceeds the field of the nanofiber, resulting in a recovery in the
transmission Tres . This regime is known as over-coupled.

The transmission spectra illustrating the under-coupled, critically–coupled,
and over-coupled regimes are shown in Figure 5. From the under–coupled
to the critically–coupled regime, the transmission drops as the FWHM in-
creases, and it achieves its minimal value in the critically-coupled regime.
From critically–coupled to over–coupled regime, the transmission recovers as
the FWHM increases even further.

Alternatively, the on–resonance transmission can be described in terms of
the coupling parameter K:

T =

(
1−K

1 +K

)2

(1.29)
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Figure 5: Calculated power transmission spectra illustrating the under–
coupled, critically–coupled, and over–coupled regimes.

the K is defined as the ratio of the coupling between the fundamental mode
of nanofiber and the resonator mode κe, to the coupling of all other loss
channels:

K =
κe

κpara + κ0
(1.30)

with κe = τ−1
e . κ0 = τ−1

0 is the rate of coupling to the intrinsic loss channels
and κpara = τ−1

para is the rate of coupling to the parasitic loss channels, which
for example, could come from the scattering at the coupling junction of
nanofiber-resonator.

With this formalism, the three coupling regimes can be classified using this
coupling parameter K. K = 1 stands for critically-coupled while K < 1 and
K > 1 represent under-coupled and over-coupled respectively.
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2 Silica on silicon microdisk resonators

2.1 Fabrication and morphological characterization of
on–chip microdisk resonator

The silica–on–silicon microdisk resonators studied in this thesis are fabricated
at the Ferdinand–Braun–Institut according to the procedure [39] summa-
rized in the following.

The starting point consists of a silicon chip with a thermally–grown silicon
oxide layer. The thickness of this oxide layer can vary from a few hundred
nanometers to a few microns and determines the thickness of the final mi-
crodisk.

Figure 6: Fabrication steps of on–chip microdisk resonators used in this thesis
which are made of silica (dark grey) on silicon (light grey).

At first, the silica–on–silicon chip is coated with a photoresist and patterned
by a stepper lithography process creating the lateral geometry of the disk
layout. The photoresist is then exposed, and developed, leaving on the sil-
ica layer the desired pattern (yellow disks in Figure 6). The silica without
photoresist on top (dark grey in Figure 6) is removed according to the pat-
tern using reactive ion etching (RIE) and plasma etching to form the oxide
pillars, typically based on carbon tetrafluoride (CF4). If wedges are desired,
the resist pattern can undergo a so-called “reflow”. The wafer is placed on a
hot plate at 180◦C for 3 minutes during the reflow to soften the photoresist
and allow it to reflow to a more spherical shape creating a contact angle of
about 15◦. The wedge angle is then transferred into the oxide layer by etch-
ing according to the selectivity of the etch recipe. After a cleaning process
to remove the photoresist, the silicon (light grey in Figure 6) is isotropically
undercut by wet chemistry etching to form the WGM resonator.

13



With this fabrication protocol, silica microdisks with a diameter between
50 µm to 480 µm, thickness between 380 nm to 4 µm, and undercut with a
distance from the resonator to the substrate between 100 nm to 6.5 µm can
be fabricated.

10 µm

2 µm

(a)

10 µm

(b)

Figure 7: (a) Top view SEM micrograph of a disk resonator after fabrication.
The zoom–in image shows the roughness of the edge is around 300 nm. (b)
SEM micrograph of the same disk resonator taken from a tilted view: the
distance from the resonator disk to the substrate is about 6.5 µm.

Typical scanning electron microscopy (SEM) images of a 200µm diameter
disk resonator are presented in Figure 7 at different angles and magnification.

The top view of the microdisk in Figure 7(a) shows a smooth and clean
surface. At a closer look, the disk rim can present a roughness of around
300 nm indicating that the etching step was not optimal. Figure 7(b) is
a side view of the same structure and allows to estimate of the distance
between the suspended silica resonator and the silicon substrate, which is
about 6.5 µm in this case.

As will be discussed in detail in Chapter 3, for our experiment, the layout of
the microdisks on the chip is designed to have the resonators as close to the
chip corner as possible. This design imposes careful handling of the samples
that can easily get contaminated.

Figure 8(a) is an optical microscope image of a chip contaminated due to
improper handling when taking it out of the sample box, where the green
circular section of the microdisk is the suspended part of the silica. As a
possible cleaning process, the first try is washing the sample with acetone and
gently drying it with nitrogen, but one could not observe any macroscopic
improvement. We then softly wiped the chip with a lens cleaning paper
wetted with acetone. Figure 8(b) and (c) show that one but best two wipes
are sufficient to remove most of the contaminants.

14



After removing
from sample box

(a)
After removing

from sample box

(b)

After first
wiping with

acetone

(c)

Figure 8: (a) Microscope image of a chip that is contaminated due to im-
proper handling. The green circular section of the microdisk is the suspended
part of the silica. (b) Most contaminants are removed by wiping the sample
with optical paper wetted with acetone. (c) Image of the chip after the sec-
ond cleaning by wiping with acetone, almost all contaminants are removed.

This process is however too aggressive for the sample. As shown in Fig-
ure 9(a) and (b), compared with Figure 8, the suspended part of the disk is
completely destroyed by the cleaning process. For our study, we therefore
selected samples fabricated with the optimized lithographic process and pay
particular attention to handling the sample with tweezers, to avoid contam-
ination.

The morphology of the disk resonator, which is the one in the yellow frame
as shown in Figure 8, after the second cleaning is shown in SEM micrographs
in Figure 9. The chipped edge of the resonator shown in Figure 9(a) from the
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top view indicates that the extended part of the silica is destroyed due to the
cleaning process mentioned above. This can also be seen from Figure 9(b)
where the extended rim of the microdisk is no longer present.

20 µm

(a)

10 µm

(b)

Figure 9: (a) Top view SEM micrograph of a disk resonator (the one in the
yellow frame as shown in Figure 8 after the second cleaning. The zoom–in
image shows that the edge is chipped. (b) SEM micrograph of the same disk
resonator taken from a tilted view showing that the extended rim of the silica
is completely destroyed.

From the study of morphology, one learns that the fabrication process has a
significant influence on the quality of the microdisk. Moreover, one should be
careful when dealing with the sample chips because of the customized layout
of microdisks, which places the disks close to the edges of the chip’s corner.

2.2 Mode analysis of microdisk resonators

The ray optics description of WGMs provided in Chapter 1 has limitations
since it cannot account for the polarization of light. While in the wave op-
tics domain, the electromagnetic theory can offer a complete description of
the WGMs. WGM resonators support modes of two perpendicular polar-
izations, which are transverse electric (TE) modes and transverse magnetic
(TM) modes. Since the microdisk resonator has cylindrical symmetry, the
optical modes can be calculated by solving the Helmholtz equation in cylin-
drical coordinates as discussed in detail in this section. In TMmodes, Ez = 0,
only the components Hz, Er and Eφ contribute to the electromagnetic field.
In TE modes, Hz = 0, only the components Ez, Hr and Hφ contribute to
the electromagnetic field. Thus, it is useful to solve for the z–components of
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z

r
φ

Figure 10: Schematic of the microdisk resonator. The Helmholtz equation
(Equation 2.1) is solved in cylindrical coordinates with radial coordinate and
the axial coordinate denoted by r and z respectively, and φ the azimuthal
coordinate.

electromagnetic field propagating in such structures and then use Maxwell’s
equations to derive the other components.

The z–components of the electromagnetic field for a microdisk resonator is
described by the Helmholtz equation:(

∇2 + k⃗2n2
)
· E⃗z = 0(

∇2 + k⃗2n2
)
· H⃗z = 0

(2.1)

where ∇2 is the Laplace operator and n is the refractive index of the medium.
Here, k = 2π/λ0 = ω/c is the vacuum wavenumber with vacuum wavelength
λ0 and angular frequency ω. c is the vacuum speed of light. In cylindrical
coordinates, as shown in Figure 10, the Laplace operator reads:

∇⃗2 =
1

r
∂r + ∂2r +

1

r2
∂2ϕ + ∂2z (2.2)

where z and r are axial coordinate and radial coordinate, respectively, and
φ is azimuthal coordinate. For a microresonator with a thickness of only a
fraction of the mode wavelength, the analysis of the modes can be studied
in the 2D approximation in which the coordinate dependence of the electro-
magnetic field in the z direction can be omitted using the effective refractive
index n(x, y) = n(r, φ) [40].

According to Equation (2.1), for TE–modes (Hz = 0) one has:

∂2Ez

∂r2
+

1

r

∂Ez

∂r
+

1

r2
∂2Ez

∂φ2
+ k2n2(r, φ)Ez = 0 (2.3)
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with

Hr =
i

µω

∂Ez

∂φ
, Hφ = − i

µω

∂Ez

∂r
(2.4)

where µ is the permeability of the medium and ∇⃗ × E⃗ = −µ∂H⃗
∂t

= −µiωH⃗.
Here, ∇ is the nabla operator.

For TM–modes (Ez = 0) one has:

∂2Hz

∂r2
+

1

r

∂Hz

∂r
+

1

r2
∂2Hz

∂φ2
+ k2n2(r, φ)Hz = 0 (2.5)

with

Er =
−i
ϵω

1

r

Hz

∂φ
, Eφ =

i

ϵω

Hz

∂r
(2.6)

where ϵ is the permittivity of the medium and ∇⃗ × H⃗ = ϵ∂E⃗
∂t

= ϵiωE⃗.

For a homogeneous microdisk of radiusR the effective refractive index n(r, φ) ≡
n if r < R. Thus, inside the microdisk, Equation (2.3) and (2.5) can be writ-
ten as:

∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂φ2
+ k2n2ψ = 0 (2.7)

where ψ = Ez or ψ = Hz.

Separation of variables gives the solution that the field function has the
form [40]:

ψ =

{
AmJm(knr)e

imφ r < R (inside the resonator)

BmYm(kr)e
imφ r ≥ R (outside the resonator)

(2.8)

where Jm and Hm are Bessel functions of the first and second kind respec-
tively. The azimuthal component of the wave function is given by eimφ be-
cause of the cylindrical symmetry, while m is the azimuthal modal index.

In Equation (2.8), the refractive index of the environment is air and it is fixed
to be 1 if r > R. Then, the boundary conditions at the interface r = R lead
to a set of independent transcendental equations for the microdisk resonances
with wave number kres [40, 41]:

n
J ′
m(kresnR)

Jm(k0nR)
− Y ′

m(kresnR)

Ym(kresnR)
= 0 (TM)

J ′
m(kresnR)

Jm(kresnR)
− n

Y ′
m(kresnR)

Ym(kresnR)
= 0 (TE)

(2.9)
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Figure 11: Fundamental mode intensity profiles in r−−z plane (as sketched
in Figure 10) of the 200 µm–diameter large, 500 nm–thick silica microdisk
resonators (black solid lines) with 90◦, 15◦, 7◦ (the measured microdisks in
this thesis) wedge angles. The first and second values in parenthesis stand
for the radial mode number and the azimuthal mode number respectively.
(a) TE mode intensity profiles. Along the z axis, the evanescent field is
more pronounced. (b) TM mode intensity profiles. The evanescent field is
pronounced along the r direction.

Figure 11 is a simulation of the fundamental TE and TM mode intensity pro-
files in the 200 µm–diameter large, 500 nm–thick silica microdisk resonators
with 90◦, 15◦, 7◦ wedge angles. The mode is found at the wavelength of
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around 785 nm, which falls in the wavelength tuning range of the distributed
feedback (DFB) diode laser used in this thesis to excite the resonator modes,
as will be introduced in the next chapter. The evanescent field outside the
resonator decays at a length scale of a few hundred nanometers. For TE mode
the evanescent field is more pronounced in the vertical direction whereas for
TM mode evanescent field pronounce laterally. Additionally, Figure 11 is
shown as an example of how the wedge affects the fundamental mode distri-
bution at different wedge angles and for smaller wedge angles the modes are
inner. As a result, the fundamental modes of the wedge resonator are pushed
far away from the scattering edge of the device and, hence, suffer less from
surface–induced losses [42]. In this thesis, the measured microdisks are with
a wedge angle of 7◦.

2.3 Preliminary consideration of Q–factor

In order to have a pre–analysis of the intrinsic Q–factor Q0, it is essential
to investigate the source of losses which affect Q0. The intrinsic Q–factor
of a WGM resonator is linked by many mechanisms. The material loss of
the resonator (Qmat ), the scattering from imperfections of resonator surface
(Qsurface ), and the light leakage during total internal reflections at a curved
surface (Qrad ) all contribute to the intrinsic losses by [43]:

Q−1
0 = Q−1

mat +Q−1
surface +Q−1

rad (2.10)

The material–related losses in microresonators come from the absorption of
the material and Rayleigh scattering. Using the absorption coefficient α
which includes both absorption and Rayleigh scattering effects, describing
the power attenuation per unit length, the material–related Q–factor (Qmat )
is evaluated using the equation [44]:

Qmat =
2πn

αλ
(2.11)

where n, and λ are the refractive index of the material and the resonance
wavelength of the resonator, respectively.

For microdisk resonators with a thickness of a fraction of the wavelength,
contamination by dust particles on the surface and surface roughness have a
considerable influence on the intrinsic Q–factor, referring to surface–related
losses. As will be mentioned in Chapter 3, both the nanofiber and the mi-
crodisks are kept in a home–built flow box to minimize dust contamination.
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And the fabrication process for the silica microdisk described in Section 2.1
is capable of producing disks with very smooth top and bottom surfaces to
maintain high Q–factor. The Q–factor related to surface roughness Qss is
given as [43]:

Qss ≈
3λ3R

8π2n̄B2s2
(2.12)

where s is the root mean square size (r.m.s) of the surface roughness, and
B is the correlation length of the roughness. By testing it at various wave-
lengths, it is possible to determine if the Q–factor is mainly limited by the
surface roughness because of the λ3 dependence. The atomic force micro-
scope (AFM) measurement of the top surface of the fabricated microdisk
results in 0.3 nm r.m.s [39].

The last term Qrad in Equation (2.10) related to radiation losses is given
by [43]:

Qrad ≈
2πR

λ

ζe2T√
ñ2 − 1

(2.13)

with

T =
2πR

λ

(
cosh−1 n̄−

√
ñ− n̄−1

)
(2.14)

where the relative refractive index is given by n̄ = n/n0, the ratio of the
refractive index of the resonator and its surroundings. For TE mode ζ = 1
and for TM mode ζ = n−2. R and λ are the radius and resonance wavelength
of the resonator respectively. For a 200µm diameter silica microdisk, one
has T ∼ 103, leading to an enormous Qrad which is negligible in the overall
contribution to intrinsic Q–factor Q0 according to Equation (2.10).

As a result, the intrinsic Q–factor for a resonator in this thesis is dominated
by absorption and surface–related losses.
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3 Experimental method for Q–factor measure-

ment

3.1 Optomechanical setup

Iris
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Laser driver
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Figure 12: Schematic of the experimental setup implemented during this
thesis for the characterization of optical disk resonators on the chip.

The experimental setup built during this thesis to measure the Q–factor of the
microdisk resonators introduced in Chapter 2 is sketched in Figure 12 and its
key components are discussed hereafter. Basically, a tunable laser is sent into
an optical nanofiber (described in detail in Section 3.2) and its transmission
is monitored in real–time while changing the nanofiber–resonator distance.

Light coupling to the resonator is done by using an optical nanofiber, which
relies on the overlap of the evanescent fields of the two components as spec-
ified in Chapter 1. Therefore, submicrometer–level control of the nanofiber–
resonator distance is required. Furthermore, because both the resonators and
the nanofiber are sensitive to dust and other contaminants, they are hosted
in a home-built flow box.
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Figure 13: Laser output wavelength and frequency for different laser temper-
atures.

DFB diode laser at a wavelength of 785 nm The tunable laser used in this
thesis to explore the spectral features of the resonator is a distributed feed-
back (DFB) diode laser (Toptica Photonics, DLC Pro). It has a 2.4 nmmode–
hop–free wavelength tuning range around the center wavelength of 784.2 nm
and a linewidth ∆νprobe = 500 kHz. In order to obtain the FWHM linewidth
∆ν, the laser frequency is scanned over the resonance frequency of the res-
onator mode. Thus the linewidth of the probe laser ∆νprobe has a contribu-
tion to the measured linewidth. Consequently, the condition ∆νprobe ≪ ∆ν
has to be fulfilled.

The output frequency of this DFB diode laser can be tuned by changing the
diode’s current or temperature. For current control, the total frequency scan-
ning range is about 16GHz while for temperature control, the total scanning
range is about 1THz. An arbitrary waveform generator is used to scan the
laser frequency by temperature modulation.

A characterization curve of the DFB diode laser output wavelength and fre-
quency for different temperatures is plotted in Figure 13. The laser output
is measured with a wavemeter (Coherent, WaveMaster) for a fixed current of
60mA.
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Figure 14: Picture of the confocal Fabry–Pérot cavity used as a reference
cavity for the frequency tuning of the laser.

Fabry–Pérot reference cavity To monitor in real–time the laser frequency
tuning and to perform the time–to–frequency conversion, a portion of the
laser light is sent into a home–built Fabry–Pérot cavity (1.5GHz free spectral
range).
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Figure 15: (a) Transmission profile of a confocal Fabry–Pérot cavity when
applying linear and symmetric scanning voltage ramp in time. The resonance
peaks are not equally spaced in time. (b) Transmission profile in frequency
after time–to–frequency conversion, with the frequency spacing of each peak
to be 1.5GHz.

Figure 15(a) plots a typical transmission profile of the Fabry–Pérot cavity
(black line) together with the linear and symmetric voltage ramp (blue line)
sent to the laser temperature controller. Let us notice that the relative
distance between subsequent peaks known to be equal to the FSR of 1.5GHz,
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is not even. This is due to a non–perfectly linear response of the laser to the
applied ramp, especially at the ramp’s turning points. Figure 15(b) shows
the transmission profile in frequency after applying the time–to–frequency
conversion.

Other components A combination of half and quarter wave plates allows
to enhance coupling efficiency between the nanofiber and the resonator by
control of the polarization.

A 90/10 fiber beam splitter is used to measure the power sent into the
nanofiber by connecting the 10% output port to a photodiode (Thorlabs,
DET36A) and the 90% output port to the nanofiber’s input. A second pho-
todiode (Thorlabs, PDA36A2) is used to measure the transmitted power of
the nanofiber. All the photodiode signals are captured by a digital oscil-
loscope (Keysight, MSOS804A) with a sample rate of 10GSa/s and analog
bandwidth of 8GHz.

Fiber holder

Figure 16: Schematic of the customized nanofiber holder where the two ta-
pered ends are attached with UV curing glue.

Nanofiber holder The nanofiber is mounted on a customized holder (sketched
in Figure 16), with both tapered ends attached with UV curing glue to main-
tain the fiber’s stability.

Position control of the nanofiber The positioning system is shown in
Figure 17(a) and comprises three orthogonally stacked translation stages for
coarse placement. They are driven by stepper motors (Physik Instrumente,
M–232) with a displacement range of 17mm and the smallest step size of
1 µm. Two extra piezoelectric micron screws (Physik Instrumente, P–854)
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allow for fine adjustment over a distance of 25µm with a step size of less
than 1 nm.

Fiber
holder

Piezioelectric
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Linear
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(20x)

Resonator
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Figure 17: (a) A picture of the nanofiber positioning system. (b) Schematic
of the built–up imaging system consisting of a 20x long working distance
objective and a CMOS camera with white light for illumination.

Position control of the sample The sample can be moved in 3 directions
by means of three orthogonally oriented positioning controls that consist of
a 3–axis stage ( Thorlabs, MAX303 NanoMax) driven by stepper motors
(Physik Instrumente, M-232) allowing for a 4mm travel range and a resolu-
tion of 1µm.

Imaging system An objective (Mitutoyo, M Plan Apo 20x) combined with
a CMOS camera (Allied Vision Technolgy, Marlin F131B ASG) is used to
monitor the relative positioning of both the nanofiber and the resonator. The
schematic of the imaging system is shown in Figure 17(b). The objective’s
30.5mm working distance allows for flexible placement when studying the
characteristics of the resonator as well as changing the sample of interest.

3.2 Optical nanofiber

In this thesis, the light coupling is achieved by using an optical nanofiber
fabricated from a commercial step–index single–mode glass fiber by tapering
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the standard fiber down to subwavelength diameter using a heat–and–pull
technique [45]. As illustrated in Figure 18, these glass fibers consist of a core
with refractive index ncore and a cladding with refractive index nclad which
is slightly lower than ncore . The subwavelength nanofiber waist is connected
by the two tapers on both sides which efficiently transfer the guided mode
from the standard part of the fiber to the nanofiber waist by precise control
of the taper geometry [46].

x

nclad

nair

Nanofiber waist

ncore

Taper TaperStandard fiber Standard fiber

Figure 18: Sketch of an optical nanofiber, with nanofiber waist in between
two tapered ends. In the standard part of the fiber, light is well confined
into the core and guided by continuous total internal reflection due to the
refractive index contrast between the core and the cladding. In the nanofiber
waist, the total internal reflection occurs at the interface of the cladding and
the surrounding medium (air) with refractive index nair .

In [47] the mode propagation in step-index circular waveguides is described.
In this general analysis, a structure (fiber) is assumed to be cylindrically
symmetric along z, with radius a and refractive index n1, surrounded by a
medium with lower refractive index n2 that n2 < n1. In the modes analysis
of cylindrical fiber, the first is to rewrite the Helmholtz equation in cylindri-
cal coordinates in which the solutions give the z-components of electric and
magnetic fields of the fiber. The other field components are derived from
z–components using Maxwell’s equations. For modes which propagate with
propagation constant β along z, the ansatz in cylindrical coordinates has the
form:

Ez = R(r)Φ(φ)Z(z) = E(r, φ)ej(βz−ωt)

Hz = R(r)Φ(φ)Z(z) = H(r, φ)ej(βz−ωt)
(3.1)

Inserting Equation (3.1) into the Helmholtz yields:
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(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂φ2
+ k20n

2 − β2)

(
Ez

Hz

)
= 0 (3.2)

where n is the refractive index of the media. And Φ(φ) has the form:

Φ(φ) = Cejνφ (3.3)

where C is a constant and since circular symmetry requires Φ(φ) = Φ(φ+2π),
v must be an integer. And the term v is called the separation constant.
Substituting Equation (3.1) and (3.3) into Equation (3.2) leads to an equation
that only contains R(r):

r2
∂2R

∂r2
+ r

∂R

∂r
+ r2

(
k20n

2 − β2 − ν2

r2

)
R = 0 (3.4)

The solutions to this differential equation are given by Bessel functions [47].
Bessel functions of the first kind of order ν, symbolized by Jν(κr), are the so-
lutions when the argument (k20n

2 − β2 − ν2/r2) is positive. Modified Bessel
functions of the second kind of order ν, symbolized by Kν(γr), are the solu-
tions when the argument (k20n

2 − β2 − ν2/r2) is negative. κ and γ are defined
as:

κ2 = k20n
2
1 − β2 (r ≤ a)

γ2 = β2 − k20n
2
2 (r > a)

(3.5)

As a result, the solutions of Equation (3.2) in both core and cladding are
written as:

Ez =

{
A

Jv(U)
Jv

(
U
a
r
)
eivφ (r ≤ a)

C
Kv(W )

Kv

(
W
a
r
)
eivφ (r > a)

Hz =

{
B

Jv(U)
Jv

(
U
a
r
)
eivφ (r ≤ a)

D
Kv(W )

Kv

(
W
a
r
)
eivφ (r > a)

(3.6)

where U = a
√
k20n

2
1 − β2 is the normalized propagation constant within the

core (r ≤ a), and W is defined as W = a
√
k20n

2
2 − β2. The coefficients A, B,

C, and D are derived from the boundary conditions of the fields at the core-
cladding interface, leading to the characteristic equation of the step-index
fiber:
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UJv(U)
+

K ′
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WKv(W )

] [
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1

J ′
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UJv(U)
+ n2

2

K ′
v(W )

WKv(W )

]
=

(
vβ

k0

)2(
V

UW

)4

=

(
vβ

k0

)2(
1

U2
+

1

W 2

)2 (3.7)

For each value of v, this equation yields a set of propagation constants βv,m,
with v the radial mode number, and m the angular mode number. Both v
and m are integers. The effective refractive index (effective mode index) is
defined as neff = β/k0. The range of values that neff can take is [48]:

n1 ≥ neff ≥ n2 (3.8)

For ν = 0, the allowed modes will be either TE modes denoted by TE0m or
TM modes denoted by TM0m. The only non–vanishing components of TE0m

modes are Hr, Hz and Eφ, whereas TM0m modes only only consist of Er, Ez

and Hφ. The characteristic equation for TE modes and TM modes simplifies
to:

1

U

J ′
0(U)

J0(U)
+

1

W

K ′
0(W )

K0(W )
= 0 (TE)

n2
1

U

J ′
0(U)

J0(U)
+
n2
2

W

K ′
0(W )

K0(W )
= 0 (TM)

(3.9)

For ν ̸= 0, the characteristic equation is more complicated to solve. The
values of β will correspond to the modes containing both Ez and Hz, and
therefore with six non–zero field components. These modes are called “hybrid
modes”, denoted by EHvm and HEvm, depending on the relative magnitude
of Ez and Hz.

These general solutions apply to both the standard step–index fiber as well
as the nanofiber waist. For the nanofiber waist, the mode is guided by the
cladding-air interface, which can be again considered as a step–index fiber.
By choosing a sufficiently small taper angle, the fundamental mode in the
standard fiber part can be transformed adiabatically into the fundamen-
tal HE11 mode of the nanofiber. Figure 19(a) shows the numerical calcu-
lation of the effective mode index neff of HE11 mode in the nanofiber waist
of glass fiber, giving the value neff = 1.1718. The evanescent field beyond
the nanofiber surface decays at a length scale of a few hundred nanome-
ters, allowing for evanescent coupling. This mode analysis wavelength is
λ0 = 785 nm.
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Figure 19: (a) Numerical calculation of the effective mode index of the
fundamental mode HE11 in the nanofiber waist (500 nm diameter) yields
neff = 1.1718 for a wavelength λ0 = 785 nm. The arrow indicates the polar-
ization axis. (b) The effective refractive index neff = β/k0 as a function of the
V –parameter for the fundamental HE11 mode and the higher order modes
TE01 mode and TM01 mode in a 500 nm diameter glass nanofiber. The first
higher order modes, TE01 mode and TM01 mode can only be guided if the
fiber radius is larger than a given cutoff radius acutoff for a given wavelength,
while HE11 mode exists for all fiber radii.

The electric field distribution at the radius of the nanofiber waist shows that
the center of the nanofiber has the maximum intensity, and the evanescent
field intensity outside the nanofiber is nearly as high as that within the
nanofiber (see Figure 20). The mode has a discontinuity at the nanofiber’s
surface that is strongest pronounced along the polarization axis.

It is useful to introduce the normalized frequency V or V –parameter, defined
as:

V = k0acutoff

√
n2
cladding − n2

air (3.10)

with the wave number k0 = 2π/λ0, and the radius a, the cutoff radius acutoff
can be calculated from the condition V = 2.405.

Figure 19(b) plots the effective refractive index neff as a function of the
normalized frequency V for HE11 mode, TE01 mode and TM01 mode in a
500 nm diameter glass nanofiber. The V –parameter determines the number
of modes in a fiber depending on the fiber diameter and optical wavelength
and refractive indices. HE11 is the fundamental mode, the only mode that is
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Figure 20: Electric field profile versus cut line (white dash line along the po-
larization axis) position. The evanescent field strength outside the nanofiber
is nearly as high as that within the nanofiber.

guided for all fiber radii a with no cut–off value. The effective refractive index
depends strongly on the V -parameter and as the V –parameter decreases, the
fraction of the light propagating in the air increases. Therefore, the effective
refractive index neff approaches n2 near the cut-off value [49], as shown in
Figure 19(b).

For the first higher order modes TE01 and TM01, the effective refractive index
neff reaches the value n2 of the optically thinner medium at V = 2.405. That
is, TE01 mode and TM01 mode can only be guided if the fiber radius is larger
than a certain cutoff radius for a given wavelength. As a consequence, the
single-mode condition of a fiber is V < 2.405. For the guided light with a
wavelength λ0 = 785 nm, the cutoff radius of nanofiber’s fundamental mode
is calculated to be 286 nm, which means that with the radii less than this
value, only the fundamental mode can be guided. For the nanofiber used
in this experiment, the diameter a = 250 nm < 286 nm, so only HE11 mode
is guided. Figure 20 is the plot of the electric field profile at the nanofiber
waist cross–section, showing that the evanescent field strength outside the
nanofiber is nearly as high as that within the nanofiber.
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3.3 Sample layout
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Figure 21: Sketch of the sample (top view) showing the relation between
the microdisk radius (R), its relative position to the chip edge (d), and the
length (L) of the portion of nanofiber that crosses the substrate in order to
couple light in and out from the microresonator.

The layout of the sample is designed according to our experimental needs
and considering the lack of control in the tilt angle of the nanofiber mount.
Specifically, in order to couple light from a nanofiber to the microresonator,
it is fundamental to prevent the nanofiber from touching the substrate while
approaching the microdisk. This can be done by minimizing the nanofiber
length required to cross the chip in order to reach the target disk. In our
case, this is accomplished by placing the target resonator as close to the chip’s
corner as possible and moving the nanofiber at 45◦ as shown in Figure 21.
With this geometry, the length L of the nanofiber crossing the substrate
to reach a disk with radius R at a distance d away from the chip edges is

given by L = 2
(√

2(R + d)2 −R
)
. Using the relation between nanofiber

length L and the height of disks h, the maximum permitted tilt angle θ
(in degree) between the substrate and the nanofiber can be determined as
θ = 180

π
· arctan

(
2h
L

)
.

Two designs have been tested in this thesis. One is depicted in Figure 22(a),
where the resonators are fabricated at a distance of roughly 300µm to prevent
damage during the sample handling. In this case, the maximum allowed tilt
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Figure 22: (a) Schematic of a chip design with the disk pattern marked in
yellow and substrate marked in black. The nanofiber marked in red is placed
at 45◦ with respect to the chip. (b) Image of the chip’s corner, where the
nanofiber touches the substrate at the edge of the chip before reaching the
target resonator. This is visualized as scattered light at the chip edge and as
a significant drop in the transmitted power of the nanofiber.

angle between substrate and nanofiber is 0.7◦, assuming a disk height of 6µm.
Figure 22(b) shows that with this design, the nanofiber gets in contact with
the substrate, where one can observe a bright spot corresponding to scattered
light at the contact point.
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Figure 23: (a) Optical micrograph of the disk resonators at the lower–right
corner of the chip. There are multiple resonators located diagonally with
different diameters. (b) Image of the 200 µm diameter disk resonator and the
nanofiber (position indicated by the yellow dashed lines).

The second chip design is sketched in Figure 23(a). Here the resonators are
located right at the chip’s corner. On the diagonal of this pattern, there
are disks with different diameters ranging from 50 µm to 200 µm. The short-
est distance from disk to edge falls between 10µm to 20 µm, resulting in a
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maximum permitted tilted angle between substrate and the nanofiber of 6◦,
considering a disk height of 6 µm. Figure 23(b) shows that this chip design
allows the nanofiber to reach a 200 µm diameter resonator without getting
in contact with the substrate.

Q–factor measurements discussed in the next chapter are performed on sam-
ples with this second design, specifically on 200µm diameter disk resonators
with different thicknesses.
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4 Results and discussion

4.1 A bottle resonator as a reference sample

As discussed in Chapter 1, the Q–factor of a resonator can be measured in the
frequency domain from the FWHM linewidth ∆ν of the Lorentzian–shaped
resonance dip using Equation (1.4) and (1.27).

Bottle
resonator

50 μm

(a)

Bottle
resonator

50 μm

(b)

Figure 24: (a) Micrograph image of the bottle resonator. (b) Image of the
bottle resonator taken from the imaging system sketched in Figure 17(b).

To test the performance of the experimental setup described in Chapter 3,
a Q–factor measurement is first performed on a reference sample made of
a glass bottle resonator with expected intrinsic Q–factor between 106 − 108

depending on the bottle diameter [13].

The bottle resonator is fabricated in our lab using the flame–brush technique
described in [50] and it exhibits a parabolic fiber diameter variation (from
12 µm to 29µm), as shown in Figure 24(a).

Figure 24(b) shows the 29µm–bottle resonator as imaged in the setup sketched
in Figure 17(b), with the resonator region positioned between two micro ta-
pers.

In order to excite the resonator’s modes, a linear and symmetric ramp voltage
is sent to the laser driver to generate a frequency scan over 1THz (almost the
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Figure 25: (a) Image of the bottle modes visualized by the scattered light
when the nanofiber and resonator are in contact. (b) Display of digital os-
cilloscope used to capture the signals for Q–factor measurement. The exci-
tation of different resonant modes in the bottle resonator leads to drops in
the nanofiber transmission (green signal).

full scanning range of the DFB laser) while the nanofiber-resonator distance
is varied with the stepper motors and the piezoelectric screws.

Resonances can be qualitatively observed with the imaging system (Fig-
ure 25(a)) or quantitatively analyzed by monitoring the nanofiber transmis-
sion spectrum, as shown in Figure 25(b). Here, the blue signal represents
the ramp voltage, the yellow signal comes from the Fabry–Pérot cavity and
shows consecutive peaks separated by 1.5GHz, and the green signal is the
transmission of the nanofiber. The red signal monitors the laser’s power
fluctuation during the frequency scan and normalizes the nanofiber power
transmission.

To determine the intrinsic Q–factor, a critically-coupled regime needs to be
reached. This is done by continuously scanning the laser frequency around
a resonance while monitoring the depth of the resonance dips by adjusting
the nanofiber–bottle distance and the polarization of the input light. As dis-
cussed in Chapter 1, the depth of the resonance dips reaches its maximum in
the critically–coupled regime: experimentally this is shown in Figure 26. Let
us note that the minimum transmission is larger than 0. This could be due to
a polarization mismatch between the mode supported by the nanofiber and
that of the bottle resonator. The black curve is the normalized transmission
that is normalized by the 10% of the power going directly to the photodiode
after passing through the fiber beam splitter. The red curve is the Lorentzian
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Figure 26: Transmission profile of a 29 µm glass bottle resonator in critically-
coupled regime. The red solid curve is the Lorentzian fit which gives a
linewidth of ∆ν = (42.2±0.1)MHz and a minimum normalized transmission
of (0.060 ± 0.002). The corresponding intrinsic Q–factor is calculated to be
(1.811± 0.004)× 107, according to Equation (1.28).

fit which gives a linewidth of ∆ν = (42.2 ± 0.1)MHz and a minimum nor-
malized transmission at the resonance of (0.060± 0.002). The corresponding
intrinsic Q–factor is then calculated to be (1.811± 0.004)× 107 using Equa-
tion (1.28), which falls in the range of the expected intrinsic Q–factors of
106 − 108.

4.2 Q–factor measurement of microdisk resonators

Figure 27 is a picture of the working experimental setup containing both
the nanofiber (position indicated by the red line) and resonator chip holder
with the nanofiber mounted at 45◦ with respect to the chip, according to the
discussion presented in Section 3.3.

At first, a 200 µm-diameter large and 813 nm thick microdisk is characterized.
According to Equation 1.2, the expected FSR is 318GHz. In a frequency scan
of about 1.5 FSR one can see several resonance dips, as shown in Figure 28.
Calculating the frequency spacing between the same dips labeled as 1, 2, 3
gives an averaged FSR of (326 ± 3)GHz, corresponding to a disk radius of
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Chip

Coupling fiber

Figure 27: Picture of the working experimental setup. The nanofiber indi-
cated by the red line, is mounted at 45◦ with respect to the resonator chip.
The nanofiber and chip holders can be moved independently using the po-
sitioning systems. A 20X objective with 35mm working distance provides a
top view of both components allowing to monitor their relative position in
real-time.

(97.5± 0.3) µm. Changing the nanofiber-resonator distance did not lead to a
perfect critically-coupled regime (i.e. T = 0). Fitting the resonance dip for
the case with minimum transmission provides a loaded Q–factor ∼ 105

The second measurement is performed on a 200 µm–diameter large and 461 nm
thick microdisk. The laser frequency is tuned over a range bigger than the
expected FSR of 318GHz, in order to find the resonant modes with certainty.
Specifically, the laser frequency is continuously scanned over 957.6GHz for-
wardly and backwardly, by applying a periodic and symmetric ramp voltage
generated by an external waveform generator to the laser temperature con-
troller. As expected, within this scanning range (highlighted by the voltage
ramp shown in green in the graph in Figure 29), three resonance dips can be
observed (labeled as 1, 2, and 3) in the nanofiber transmission (black curve
in Figure 29). The average value of the relative distance of the dips yields a
measured FSR of (316.76± 0.01)GHz, which corresponds to a disk radius of
(100.4± 0.8)µm.
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Figure 28: Transmission of the nanofiber (green line) versus laser frequency
detuning by applying a linear voltage ramp (gray line) to the laser temper-
ature controller. In about 1.5 FSR, several dips are observed. The averaged
relative distance of the dips (labeled as 1, 2, 3) is calculated to be equal to
(326 ± 3)GHz, corresponding to the expected FSR for a 200µm diameter
disk.

The comparison of linewidths under forward and backward frequency scan
is essential to see if there were unwanted thermo–optic effects introduced by
the pump power. In fact, when the pump power is sufficiently low, the reso-
nance dip should have an approximate ideal Lorentzian shape. For increasing
power, instead, the shape of the resonance dip would become asymmetric
and deformed [51]. This is due to the fact that when the resonator heats up,
its resonances shift towards lower frequency and the response transmission
linewidths obtained under forward and backward frequency scan are differ-
ent. In the forward frequency scan, the non–linear frequency shift pushes
the resonance away from the probe laser resulting in resonance broaden-
ing. In the backward frequency scan, the resonance is dragged towards the
probe laser leading to a resonance that is narrower than that in the linear
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Figure 29: Transmission of the nanofiber (black line) over time while tuning
the frequency of the input laser over 957.6GHz by applying a linear voltage
ramp (green line) to the laser temperature controller. Three dips are observed
within each ramp and are labeled as 1, 2, and 3. The averaged distance of
the dips is calculated to be equal to (316.76 ± 0.01)GHz, corresponding to
the expected FSR for a 200µm diameter disk, therefore proving that the 3
dips, in fact, correspond to the same resonant mode.

regime [52]. As a result of the broadening or compression of the resonance
dip generated by thermo–optic effects, the Q–factor might be underestimated
or overestimated, respectively.

With a power of 0.27 µW into the nanofiber, the main resonance dip looks
symmetric and is well described by a Lorentzian curve (see 30(a)). This is
also confirmed by repeating the same measurement over 3 FSR and several
forward and backward scans. Figure 30(b) plots the averaged FWHM (error
bar is the maximum deviation) for the three dips, which are all consistent
with one another.

To finally reach critical coupling, the frequency scanning range is narrowed
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Figure 30: (a) Zoom–in on one of the resonance dips in Figure 29. (b) Graph
compares the mean FWHM of resonance dips labeled 1, 2, and 3 under the
forward and backward frequency scans. With a power of 0.27 µW in the
nanofiber, no thermo–optic effects are introduced since the dip is symmetric
and with comparable mean values for forward and backward frequency scans.
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Figure 31: Consecutive resonance dips in 40 frequency scanning periods.
The fluctuation in the depth of the transmission indicates that there exist
variations in the distance between the nanofiber and the resonator during
the time scale of several frequency scanning periods.

down to focus on only one resonance dip in a single scanning period: in this
case, with a 39.9GHz range in both forward and backward scans. While con-
tinuously repeating the frequency scan, a notable fluctuation in the depth
of the resonance dip was observed in the transmission signal without inten-
tionally changing the nanofiber–resonator distance. This fluctuation is due
to the position of the nanofiber shifts during the measurement (in this case,
likely induced by some residual air flow), resulting in random variation over
time of nanofiber–resonator distance. However, the collection of the same
dip over several tens of frequency scanning periods can be used to identify
different coupling regimes.

As previously described in Section 1.3, the transmission reduces as the FWHM
gets broader when the nanofiber moves from under-coupled to the critically–
coupled regime and achieves the minimum value (ideally 0) of transmission
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Figure 32: (a) Plot of transmission and FWHM of each subsequent reso-
nance dip in Figure 31, indicates the transitions among different coupling
regimes. The nanofiber is in the under–coupled regime at points with high
transmission and a relatively smaller FWHM. Points with high transmission
and a relatively larger FWHM are in the over–coupled regime. The transition
points between different regimes give the candidates of the critically–coupled
points marked with red stars. (b) Plot of transmission and K, which pro-
vides a different method to identify the critically–coupled regime by K = 1,
under–coupled by K < 1, and over–coupled by K > 1.
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in the critically–coupled regime. While the nanofiber goes from critically–
coupled to over–coupled regime, the transmission recovers and the FWHM
gets even broader. By doing a Lorentzian fit to each subsequent resonance
dip, the behavior of both the FWHM and transmission offers a method to
plot the transmission among the different coupling regimes as shown in Fig-
ure 32(a). The transition points between different regimes give the candidates
of the critically–coupled points.

Alternatively, one can calculate the coupling parameter K by the transmis-
sion of each resonance dip according to Equation (1.29). In Figure 32(b),
transition among different coupling regimes is observed: K = 1 represents
the critically coupled regime, K < 1 andK > 1 are the under–coupled regime
and over–coupled regime, respectively.
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Figure 33: Transmission as a function of the resonance linewidth (FWHM)
in different coupling regimes. The solid line is calculated by Equation (4.1)
using the coupling model in Figure 4. The fitting curve gives the value of
τ−1
0 = (1.57 ± 0.01)GHz, corresponding to an intrinsic Q–factor of (1.53 ±
0.02)× 106.

The transition among different regimes in Figure 32(a) and (b) can finally
be used to estimate the intrinsic Q–factor, as shown in Figure 33. In this
graph, the on-resonance transmission Tres of each resonance dip is plotted
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versus the corresponding FWHM ∆νmeasured. The fitting model is derived by
rewriting Equation (1.26) as Tres versus ∆νmeasured:

Tres = c+

(
τ−1
e − τ−1

0

τ−1
e + τ−1

0

)2

= c+

(
∆νmeasured − 1

π
τ−1
0

∆νmeasured

)2

(4.1)

where 2π∆νmeasured = τ−1
e + τ−1

0 , and c is a constant, which could, e.g., come
from phase mismatch in the experiment [22].

The fitting curve (solid line) in Figure 33 is calculated by Equation (4.1)
and this fitting curve gives the value of τ−1

0 = (1.57± 0.01)GHz. According
to Equation (1.3) or (1.4), the intrinsic Q–factor is calculated to be (1.53±
0.02)× 106.
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Figure 34: Microdisk resonator of 385 nm thickness: Transmission as a func-
tion of the linewidth (FWHM) of the resonance dips in different coupling
regimes. The solid fitting curve gives the value of τ−1

0 = (2.600±0.003)GHz,
corresponding to an intrinsic Q–factor of (0.921± 0.001)× 106.

The same analysis is performed on a thinner 200 µm diameter microdisk with
a thickness of 385 nm. Figure 34 shows the plot of the on–resonance power
transmission versus its resonance linewidth. The fitting curve gives the value
of τ−1

0 = (2.600±0.003)GHz. From this value, we infer the intrinsic Q–factor
of this resonator to be (0.921± 0.001)× 106.

45



5 Summary and outlook

In this thesis, I established an experimental method to measure the intrinsic
Q–factor of on–chip silica microdisk resonators in the frequency domain. The
Q–factor measurement is based on the evanescent coupling between an optical
nanofiber and the microresonator and the experimental setup implemented
during this thesis allows one to adjust the nanofiber–resonator coupling effi-
ciency by varying the nanofiber–resonator distance. The method consists in
analyzing the power transmission spectrum of nanofiber while scanning the
laser frequency and adjusting the nanofiber–resonator distance. The reso-
nances of the microdisk are observed as Lorentzian dips in the transmission.
The intrinsic Q–factor of the resonators was estimated subsequently by fitting
the data with a waveguide–resonator coupling model. The Q–factor mea-
surements were carried out on the 200 µm diameter resonators with different
thicknesses, the measured intrinsic Q–factor are as high as (1.53±0.02)×106

(461 nm thick) and (0.921± 0.001)× 106 (385 nm thick), respectively.

The setup developed during this thesis is capable of characterizing different
types of WGM resonators by simply changing the sample holder. For ex-
ample, fiber-based microresonators such as bottle resonators or microsphere
resonators. As an outlook of this work, the mechanical stability could be
improved by:

1. Lowering down the height of both sample and nanofiber holders/stages
by using compact translation stages for both nanofiber and chips.

2. Adding tilt angle control to the nanofiber holder adjusting the tilt angle
between the nanofiber and resonator, which enables the nanofiber to cross a
larger area of the chip without unwanted contact with the substrate. This
could be done for example, by attaching one end of the nanofiber to a bending
piezoelectric actuator.

3. Using closed-loop piezoelectric screws instead of open–loops in the control
of the positions. This would allow the acquisition of absolute nanofiber–
resonator distance and lead to better performance on the nanofiber trans-
mission versus nanofiber–resonator distance. This contributes to the concept
of an integrated system that the resonators and the coupling waveguides
are integrated into the chip, in which the positional characterization of the
microresonators is taken into consideration.

4. Adding a translation stage for nanofiber stretch control to avoid possible
nanofiber position shifts during light coupling.
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Furthermore, the quality of the microdisk resonator samples could be im-
proved by polishing the side surface to reduce the surface roughness which
causes the surface–related losses.
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D. Segovia-Vargas, K. A. Abdalmalak, S. L. Romano, A. G. Lampérez,
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Analysis of third-order nonlinearity effects in very high-Q WGM res-
onator cavity ringdown spectroscopy, JOSA B 32, 370–378 (2015).

51

https://iopscience.iop.org/article/10.1088/2040-8978/18/12/123002/meta
https://opg.optica.org/josab/fulltext.cfm?uri=josab-17-6-1051&id=240
https://openscience.ub.uni-mainz.de/handle/20.500.12030/4244
https://opg.optica.org/oe/fulltext.cfm?uri=oe-21-15-18325&id=259647
https://opg.optica.org/oe/fulltext.cfm?uri=oe-21-15-18325&id=259647
https://link.springer.com/book/10.1007/978-1-4757-5522-0
https://onlinelibrary.wiley.com/doi/book/10.1002/0470014180
https://openscience.ub.uni-mainz.de/handle/20.500.12030/2901
https://openscience.ub.uni-mainz.de/handle/20.500.12030/2901
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.103.053901
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.103.053901
https://opg.optica.org/oe/fulltext.cfm?uri=oe-24-19-21869&id=349987
https://opg.optica.org/josab/fulltext.cfm?uri=josab-32-3-370&id=310961
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eingeleitet wird.

Berlin, 22.08.2022


	Introduction
	 Fundamentals of whispering gallery mode microresonators
	 Parameters of optical WGM resonators
	 Total internal reflection and evanescent field
	 Light coupling methods

	 Silica on silicon microdisk resonators
	 Fabrication and morphological characterization of on–chip microdisk resonator
	 Mode analysis of microdisk resonators
	 Preliminary consideration of Q–factor

	Experimental method for Q–factor measurement
	 Optomechanical setup
	 Optical nanofiber
	Sample layout

	 Results and discussion
	A bottle resonator as a reference sample
	Q–factor measurement of microdisk resonators

	Summary and outlook
	References

