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1. P-representation I

The P -representation is an expansion of the density matrix ρ in the coherent state basis {|α〉}:

ρ =

∫
P (α, α∗)|α〉〈α|d2α.

The 2D Fourier transform f̃(β) of a function f(α) of complex variables α = xα+iyα, β = xβ+iyβ
is given by

f̃(β) =

∫ ∫
f(α)e2i(xαyβ−xβyα)dxαdyα,

f(α) =
1

π2

∫ ∫
f̃(β)e2i(xβyα−xαyβ)dxβdyβ.

Show that P (α, α∗) can be derived as the Fourier transform of the matrix element 〈−β|ρ|β〉,
i.e.

P (α, α∗) =
ex

2
α+y2α

π2

∫ ∫
〈−β|ρ|β〉ex2

β+y2βe2i(yαxβ−xαyβ)dxβdyβ

=
e|α|

2

π2

∫
〈−β|ρ|β〉e|β|2e−βα∗+β∗αd2β. (1)

(Hint: use the relation 〈α|α′〉 = e−
1
2
|α|2+α∗α′− 1

2
|α′|2 .)

2. P-representation II

With relation (1) find P (α, α∗) of

a) a coherent state |α〉.

b) a Fock state |n〉.
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3. Wigner function

The Wigner function W (q, p) is the quasi-probability distribution of the conjugate variables q
and p. The Wigner functions for coherent states and Fock states are given by

Wcoh(Q,P ) =
2

π
e−

1
2
(Q2+P 2) and

WFock(Q,P ) =
2

π
(−1)nLn(4(Q2 + P 2))e−2(Q2+P 2),

respectivly, with Q ∝ q, P ∝ p and Ln(x) beeing the Laguerre polynomial.

Plot W (Q,P ) for a coherent state and a single photon Fock state. Where do these functions
show non-classical behaviour?
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