8 Quantized Interaction of Light and Matter

8.1 Dressed States
Before we start with a fully quantized description of matter and light we would

like to discuss the evolution of a two-level atom interacting with a classical field
E(t) = Epexp(iwit) in a different way.

As discussed in the previous section, the most general state of a two-level atom is:

1) = cge3 M g) + cpe 31 e) (332)
= C,lg) + le) (333)
(334)

where we have already transformed the coefficients into a rotating frame.

If we plug this state in the Schroedinger equation

1

) = = (Ha+ Hp) ) (335)

with Hy = %hwoaz and H; = —ﬁﬁ

we find coupled equations for the coefficients ¢.(¢) and ¢, (¢).

~ )

6 =i (—556 + h1<e|H,\g>c~g> (336)
< (0 1 ~

Gg=i|56+ h="(g|Hrle)ce (337)

We can write this equation in matrix form:

& —8 Q2 > ( é )
e =( 2 Ce (338)
( 2 ) (o 47 (5
with the Rabi-frequency Q = 2|h~!(e|H;|g)|
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The solution of these equations are again the Bloch-equations (without damping!)
as derived in the previous chapter. We now start with a diagonalization of the 2x2
Hamiltonian.

The eigenenergies of the Hamiltonian are:
1 1~
Eiy= 15\/52 + 02 = +50 (339)

The two eigenenergies differ by the generalized Rabi-frequency.

The according eigenstates are:

|1) = sinfle) 4 cosf|g) (340)
|2) = cosf|e) — sinf|g) (341)
where
fanf = 2 (342)
Q-0

These states are called dressed states. They are superpositions of the uncoupled
bare states.

The following figure shows the energy structure of the eigenstates for different de-
tunings in the case without coupling and with coupling.

In exact resonance (6 = 0) the states would be degenerate in the case without cou-
pling. However, a classical field couples the two bare states which mix and form the
dressed states. Instead of a crossing a pronounced anti-crossing is observed. The
splitting is proportional to the Rabi-frequency and hence to the strength of the clas-
sical field. Far from resonance both eigenstates approximate the bare states. The
shift of the eigenenergies at the anti-crossing is also denoted as AC stark shift.

As explained, the former bare states are no eigenstates of the coupled Hamiltonian.
Their dynamical behavior can now easily be derived from the new eigenstates, the
dressed states:

Obviously, the bare states can be written as coherent superpositions in the dressed
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Figure 54: Eigenenergies as a function of the detuning A. Top: in case of zero coupling (no classical
field present); Bottom: in case of coupling via a classical field. [from D.A. Steck Quantum and
Atom Optics]. Note: In this figure one eigenenergy was kept at a fixed reference level.

states basis:

le) = [1) +12) (343)

lg) = 1) —12) (344)

The phase of the basis states now starts to evolve, e.g. for the state |e) and § = 0:
[0) = e FRL) 4 e N2 (345)

_ e—iQt/2|1> +€iQt/2|2> (346)

= e (1) + €)2)) (347)

Apart from an overall phase, at 2t = 2n7 the state [¢) = |e), but at Qt = (2n+ 1)1
the state is [¢) = |g). This dynamical behavior is the known Rabi flopping.
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8.2 Interaction of an atom with a quantized field

Now we will describe the interaction of an atom with a quantum field. It is conve-
nient to start from the Hamiltonian:

1

H=on(p- eA)’ + eV (z) + Hpig (348)
= Ha+ Hr + Hyiera (349)
where
hQ
Hy = /¢+(x) (—%W + eV(g;)) Y(r) dv (350)
H; = /@zﬁ(x) (—%Ap + %AQ) () d (351)

The last term in H; can usually be neglected for not too intense fields.

Inserting the expression for the quantized vector potential gives:

H, = ZEJW (352)
= thj bk (grjrax + grua) (353)
7.k,

with

Ijk = —\/ AEO/¢ (ur()p) ¥y (z) dx (354)

If uy(x) varies much more slowly than the extension of the electronic wavefunction
(Aphoton > Tatom, typically A/r ~ 10%) then wuy(z) can be taken out of the integral.
In this electric dipole approximation one finds

/ Vi (@)piy () do = im / Wi (@) [Ha, 2]y (z) do (355)
h (E; — Ey) /¢ x)ry(r) do (356)
= me()mlz (357)

Therefore, one can write:
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H = HA + H[ + Hfield with (358)

Hy =Y E;bfb; (359)
J
Hyicrqg = Zhwk@z@k (360)
k
Hy =Y giabfbp(ax + ay) (361)
7.k,

From the solution of the unperturbed Hamiltonian it can be seen that bj, b, ax,ay
oscillate rapidly with optical frequencies (e.g. b(t) = 1/ih[H,b]):

b = by(0)e "Et/T (362)
F(0)eiEit/n (363)
0)e "t (364)

For not too intense fields only resonant terms with wg = (E; — E;)/h ~ wy and the
form exp i(w;; —wy)t are significant in the dynamics.

In this rotating wave approrimation the Hamiltonian for the two-level atom in-
teracting with a quantized field is:

H = Hy+ H; (365)
1

Hy = - hwoos + > hwgafa (366)

k
H; = th,\(a,\U+ +afo7) (367)

A
with

1 1/2

0= () oo (368)

with the dipole moment 1, = emyo

Or if wy ~ wq then

94



[ w
g\ = ﬁzoux\(xo)ﬂlz (369)

= /2 (370)

with the vacuum Rabi frequency

1 [hw 1 | hwy . 2E0puyy -
Oy = 25\/ XSUA(%)MQ = 27_”/ ﬁm(%)mg = (;.L 24 (o) (371)

which is similar as in the classical case, but with the classical field replaced by the
electric field per photon and explicitly taking into account the mode function @, (zo).

8.3 Jaynes-Cummings Model

The most simple case occurs if a single two-level atom interacts with a single mode
of the electromagnetic field.

For this case the Jaynes-Cummings-Hamiltonian applies:

1
Hyc = Lo, + huaa + hglas™ +a*o") (72)

This Hamiltonian only couples states |n,e) with |n + 1,g) where we denote with
le) ,|g) the excited and ground state of the two-level atom.

It thus suffices to describe H in this basis and define:

Eh:h(n+%)w(é ?)+h(gj%%ig{ggT) (373)

with § = wg — w.

The eigenenergies of this Hamiltonian are:

1 1

Eop=h{n+=)w—=hQ, (374)
2 2
1 1
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with

Q= /8 + Q3 (n+1) (376)
2, is called the generalized Rabi frequency.

The according eigenstates are:

|2n) = cos ¥, le,n) —sind, |g,n + 1) (377)
|In) = sind, |e,n) + cos ¥, |g,n + 1) (378)
with
Q,—9
cos ), = (379)
V(Q, =02 +4g2 (n+1)
2 1
sin v, = gv(ntl) (380)

V(Q, =82 +4g2 (n+1)

These eigenstates of the combined atom-field system are called dressed states.

The quantized expressions are identical to the semiclassical expression with Qgv/n + 1
replaced by its semiclassical expression 2. A striking difference is that even the vac-
uum filed (n = 0, i.e. zero field amplitude) can couple the two states. this is why
Qg is called vacuum Rabi-frequency.

On resonance the dressed states reduce to:

2n) = (le,n) — |g,n + 1)) /V2 (381)
11n) = (le,n) + g, n+ 1)) /V2 (382)

with eigenenergies:

1
Ey, =h (n + 5) w—hgvn+1 (383)

1
Ey,=h (n + 5) w+hgvn+1 (384)

It is easy to show that in the interaction picture (rotating at the frequency (n+1/2)w)
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Figure 55: Dressed states. Dashed lines show energy levels without coupling. [from Meystre
”Elements of Quantum Optics”]

the coefficients ¢y, (t), ca,(t) of an arbitrary state [1(t)) = c1,(t) |[In) + con(t) |2n)

obey:
( ZZ% ) _ ( exp(éﬂnt) eXp(_Omnt) ) ( ijzggg ) (385)

In the resonant case 6 = 0 this gives for a state initially in the upper state:

|cen ()] = cos?(gv/n + 1t) (386)
|cgni1()” = sin®(gv/n + 1t) (387)

Even if n = 0 (no photon or interaction with the vacuum) there is:

o ()]? = cos?(gt) = %(1 4 cos(t) (388)

Thus there is a coherent exchange of one energy quantum between the atom and
the field mode, the so-called vacuum Rabi oscillation, in striking difference to the
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irreversible exponential decay into free space of an excited atom. The periodic en-
ergy exchange has an analogy with two coupled pendula.

The coupled equation of motion for the states |e,n) and |g,n + 1) are:

: )

Con = —iécm —igVn+ legni (389)
~ 0 .
Cont1 = 15 Cn+1 = 1gVN + 1cen (390)

Experiments to show the vacuum Rabi oscillations have been performed recently.

M. Brune, et al., Phys. Rev. Lett. 76, 1800-1803 (1996); B. T. H. Varcoe, S.
Brattke, M. Weidinger, H. Walther, Nature 403, 743 - 746 (2000)

8.4 Wigner-Weisskopf theory of spontaneous emission

The Hamiltonian for a single two-level atom coupled to a discrete number of modes
of an e.magn. field is:

1
H = §ﬁwoaz + h;wka:ak + f’L;gk(akaJr +a;o”) (391)

The most general state vector is:
[(1)) = ceolt) [e{0}) + D _egprpe™ " |g{1,}) (392)
k

Substituting into the Schroedinger equation gives:

Cop = —ingcg{lk}e’i(“”“’WO)t (393)
k

Cof1y) = —igrCepe“H ) (394)
Formally integrating and inserting results to:
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com it

(395)

We now move from a discrete set of modes to a continuum by replacing the sum

over k with an integral:

vV 3 = L w w? ! sin ” w
zk:f(k:) — (27T)3/d k f(k) = (2m)3/d /O o, 0/0 do f(w,?,0) (396)

We also insert

gk(w 19 h22| 67"60 |g> EOwuw’

1

= ﬁEng'“%? sin® ¢ |cos® ¢ + sin® |

B2 ngﬂu sin®

1 hw
=72 \ ey ) 25

Inserting and integrating gives:

t

) 1 1
Cep = _W/dw wgﬂlz/dt e T ey ()
0
with
t .
lim [ dt’ e i@kt — 75(w — wy) — P [ ! }
0
it follows:
. r
Cen = _ECeO(t)

where the Lamb-shift is neglected.

The rate I' is the Wigner-Weisskopf rate of spontaneous emission:
_ W3M%2
3meghc?
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Figure 56: Probability to find an excited atom in a cavity in the upper state for weak damping (a)
and strong damping (b) of the cavity field. [from Scully ”Quantum optics”]

8.5 Collapse and Revival & Quantum beats

8.5.1 Collapse & Revival

An interesting phenomenon exists if a single atom interacts not with a single Fock-
state |n), but with a coherent state |a) where

) = e o (405)

n.
n

In this case the probability to find the initially excited atom in the excited state
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after some time ¢ is:

Pe = an |Cen(t)|2 (406)

2n
N
= el ZT cos®(gv/n + 1t) (407)

The time evolution is a sum of oscillations with different Rabi frequencies which
then dephase.
This occurs on a timescale of appr.:

tomg ! (408)

However, after some time there is a revival of the probability to find the atom excited
again. This is a pure quantum effect and due to the discrete number of basis states
of the coherent state.

The time for the revival can be estimated to:

t, ~ AmVnt, = dnvng ™! (409)
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Figure 57: Collapse and revival for the interaction of a two-level system with a coherent state with
7 =10 (top) and 7 = 120 [from D.A. Steck Quantum and Atom Optics]
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8.5.2 Quantum Beats

Another interesting quantum effect in the spontaneous emission of light from a sin-
gle atom is the quantum beat effect.

Consider the following A- and V-type three level systems:

d d
b 2
- A-type
V-type l
p yp =
C o)
Figure 58: V-type and A-type three level systems
Assume the atomic state is in a superposition:
[(t)) = coe™ ™" |a) + cpe ™! B) + ce” ! |e) (410)
Semiclassically there exist oscillating dipoles:
V-type system: P,. and Py
A-type system: P, and P,
which create a field of the form
E(t) = Eoy exp(—ivit) + Egg exp(—ivat) (411)
with
V-type system: V] = Wy — We
Vo = Wy — We
A-type system: V] = W, — Wy

Vo = Wg — We

Obviously this creates a beating in a square law detector which can only measure
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intensities:

|E@)|* = |En " + |Eol|” + {Ej Ev exp [i (1 — va) ] + c.c.}

for both the A- and the V-type system.

(412)

However, in the quantum case the beating signal is given by the following expres-

sions:
V-type system:

1= (W (1) BTV ESY [y (1))
with

_ . N y
EF «cafe™t and  EY o age

Therefore with the state

[y () = D ili,0) +crle, L) + cale, La)

i=a,b,c
this gives:

I = const. (1,10,0] aj as |0,11,2) exp [i (v1 — v2) t] {c|c)

= const. (1,10,0] aj as |0,11,2) exp [i (11 — v2) t]

But, in the A-type system:

o) = D &16,0) + ¢ b, L) + e, o)

i=a,b,c

and

I = (Va(6)] By ESY [, (1)
= const. (1,10,9] af az [0,11,2) exp [i (v1 — vo) t] {c|b)
=0

There is no beat note in the A-system.
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This can be interpreted in the framework of which-path-information:

e After emission of a photon it is not possible to say which decay path the photon
took in the V-system. Thus, the two paths interfere.

e In the A-system a measurement of the atomic state (it is either in |b) or |c))
reveals information which path the photon took (even before it is detected).
thus there is no interference.

This effect has some analogy to Young’s double slit experiment.
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