Examples

This file contains additional information about the examples that are provided with the CANONICA
package. The differential equations of all examples have been computed with reduze [1, 2].
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1 K4 Integral

This integral topology was first evaluated with the differential equations method in [3]. The
topology is given by the following set of propagators

P1=(l1+l3) ; Ps = (I1 + I + I3 + p3)?,
Py=(lh+la+pi+p)? Pr=10,

Py =13, Py = (I1 + p1 + p2)?,

Py =13, Py=(I1 + 12 + 13)?,

Ps = (1 + p1)?, Pio=(1+1l+1ls+p +p2)? P

Py = (1 +12)?

(
Piy = (I3 + p1)?,
Pi3 = (I3 + p1)?, (1)
P14 = (I — p3)*,
= (I3 — p3)*.

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

pi=0, p3=0, p3=0,

p1+p2 =

p3 + p4,

s=(p1+p2)? t=(p—ps3)

The topology has a basis of 10 master integrals:

pi =0,

¥4 s,t) = (Ikaxi24(1,1,1,1,0,0,0,0,0,0,0,0,0,0,0), Ixaxi234(1,1,1,1,0,0,0,0,0,0,0,0,0,0,0),
Ix4(1,1,1,1,0,0,0,0,0,0,0,0,0,0,0), Ix4(2,1,1,1,1,1,0,0,0,0,0,0,0,0,0),
Ix4(1,1,2,1,1,1,0,0,0,0,0,0,0,0,0), Txa(1,1,1,1,2, 1,0,0,0,0,0,0,0,0,0),
IK4(1,1,1, ,1, ,—1,0,0,0,0,0,0,0,0), Ix4(1,1,1,1,1,1,0,0,0,0,—1,0,0,0,0),
Ix4(1,1,1,1,1,1,0,0,0,0,0,—1,0,0,0), Ixa(1, 1,1,1,1,1,000000000))

()
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Figure 1: K4 Integral

The mass-dimension is factored out of the master integrals as follows

fi(€7 .%') - (t)idim(gi)/zgi(ev S, t)? (6)
with s
z= . (7)

2 Triple box

Analytical results for the triple box integral have first been obtained in [4] and more recently in
[5] by using differential equations. The topology is given by the following set of propagators

P = (1), Ps = (I3 +p1 +p2)? Pu=(li+p3)?,
Py= (i +p1+p2)? Pr=(L+p1)? Py = (la + p1)?,
P =13, Py = (I1 — l9)?, Pi3 = (2 + p3)*. (8)
Py=(la+p1+p2)?, Po=(lo—13)% Py = (I3 +p1)*
Ps = (I3)%, Pio = (I3 + p3)?, Pis = (lh — I3)%

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

pi=0, p3=0, pi=0, pi=0, (9)

p1 + p2 = p3 + P4, (10)

s=(p1+p2)? t=(p1—p3) (11)
y%i p3
P2 P4

Figure 2: Triple box



The topology has a basis of 26 master integrals:

G B, s,t) = (Its(1,1,1,1,1,1,0,0,0,0,0,0,0,0,0), Itg(0,1,1,0,1,1,0,1,0,0,0,0,0,0,0),
Itp(0,0,1,1,1,1,1,1,0,0,0,0,0,0,0), Itx124(0,1,0,0,1,0,0,1,1,0,0,0,0,0,0),
Ivgp(0,1,0,0,1,0,0,1,1,0,0,0,0,0,0), Itp(1,0,0,1,1,0,0,1,1,0,0,0,0,0,0),
Ivp(1,1,0,0,1,1,0,1,1,0,0,0,0,0,0), Itp(0,0,0,1,1,0,1,1,1,0,0,0,0,0,0),
Itp(0,0,0,0,1,1,1,1,1,0,0,0,0,0,0), ITB(O,l,l,O,l,l,l,l,l,O 0,0,0,0,0),
Ivp(1,1,0,0,0,0,1,1,1,1,0,0,0,0,0), Ivp(0,1,1,0,0,0,1,1,1,1,0,0,0,0,0),
Itg(—-1,0,1,1,0,0,1,1,1,1,0,0,0,0,0), ITB(O,O,l,l,O 0,1,1,1,1,0,0,0,0,0),
Ipp(1,1,1,1,-1,0,1,1,1,1,0,0,0,0,0), Ipp(1,1,1,1,0,0,1,1,1,1,0,0,0,0,0),
Itp(0,1,0,0,1,0,1,1,1,1,0,0,0,0,0), Itp(1,-1,0,1,1,0,1,1,1,1,0,0,0,0,0),
Itp(1,0,0,1,1,0,1,1,1,1,0,0,0,0,0), Itp(1,1,-1,1,1,0,1,1,1,1,0,0,0,0,0),
Itg(1,1,0,1,1,0,1,1,1,1,0,0,0,0,0), ITB(1,1,—1,0,1,1,1 1,1,1,0,0,0,0,0),
ITB(1,1,0,0,1,1,1,1,1 1,0,0,0,0,0), Ipp(1,1,1,1,1,1,1,1,1,1,-1,0,0,0,0),
Irp(1,1,1,1,1,1,1,1,1,1,0,-1,0,0,0), Ipp(1,1,1,1,1,1,1,1,1,1,0,0,0,0 0))

(12)

The mass-dimension is factored out of the master integrals as follows

fi(e’x) = (t)_dim(gi)/Qgi(EaS’t)’ (13)
with
S
r=-. (14)

3 Drell-Yan with one internal mass

This topology has been calculated with the differential equations approach in [6]. The topology is
given by the following set of propagators

P =13 Py=(la —ps —pa)?, Pr= (1 —1z)?
Py = (I — p3)?, Ps = (la — p1)?, Py = (I — p3)?, (15)
Py=(ly —p3 —pa)?> —m?, Ps=13, Py= (1 —p1)*

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

pi=0, p3=0, pi=0, pi=0, (16)

p1 + p2 = p3 + P4, (17)

s=(p1+p2)? t=(p1—p3) (18)
yai p3
D2 P4

Figure 3: Drell-Yan with one internal massive line, the double line indicates a massive propagator.



The topology has a basis of 25 master integrals:

~DYOM

g (6’ S? t’ m)

(IDYOM(O, Oa 1, 15 0’ 15 0’ 0’ O)a

IDYOMX124(17 07 O, 17 Oa 07 17 Oa 0)7

Invou(0,0,1,1,0,0,1,0,0),

Ipyom(1,0,1,0,1,0,1,0,0),
Inyom(1,1,1,0,1,0,1,0,0),
Inyom(1,0,1 1,1,0,1,0,0),
Inyom(1,1, 1,1,1,0,1,0,0),
Inpyom(—1,0,1,0,0,1,1,0,0),
IDYOM(O,l,l,l,O,l,l,O 0),
Inyom(0,1,1,0,1,1,1,0,0),
IDYOM(O,l,O,l,l,l,l,O 0),
Ipyom(—1,1,1,1,1,1,1,0,0),
Inyom(1,1,1,1,1,1,1,-1,0)).
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The mass-dimension is factored out of the master integrals as follows

with

fi(ﬁ,-%',y) -

S
m:—27 y:

m m

4 Massless planar double box

t
—.

(m)*dim(gi)gi(e, s,t,m),

This integral topology has first been computed in [7] and a treatment with the differential equations
approach can be found in [8]. The topology is given by the following set of propagators

P =1, Py= (o —ps—pa)?, Pr=(L—1)?%
Py = (I — p3)?, Ps = (I — p1)?, Ps = (2 — p3)?, (22)
Py =(ly —ps —pa)?, Ps =13, Py = (ly —p1)>

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

4!

D2

pi=0, p5=0, p3=0,
P11+ p2 = p3 + D4,
s=(p+p)? t=(m

Figure 4: Massless planar double box.

The topology has a basis of 8 master integrals:

~DBP

G " (e, 8,t)

(Ivse(1,0,1,1,0,1,0,0,0),
Ipgp(1,0,0,1,0,0,1,0,0),
Ippp(1,1,1,0,1,0,1,0,0),
IDBP(1,1,1,1 1,1,1,-1,0),

4

pi =0, (23)
(24)
—p3)”. (25)
Pp3
P4
IDBPX124(1707O7 170707 17070)7
IDBP(l,O,l,O,l,O,l,0,0), (26)
IDBP(17 17 07 17 17 07 17 07 0)7
IDBP(17 17 ) 17 17 17 17 07 O)) .



The mass-dimension is factored out of the master integrals as follows
file,w) = (1)~ 2gi(e, 5, 1), (27)
with
s
x=-.
t
5 Massless non-planar double box

This topology has first been computed in [9] and a treatment using differential equations can be
found in [10]. The topology is given by the following set of propagators

P =13, Py =13, P; = (ly — Iy + p3 — p1)?,
Py=(l1 —ps)?, Ps=(la—1i —p3)? Ps=(li+p2)? (29)
Py = (s —p2)?, Ps=(li+p3)* Py = (I — p3)>.

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

pi=0, p3=0, p3=0, pj=0, (30)
P11+ p2 = p3 + D4, (31)
s=(p1+p2)? t=(p—ps) (32)

< .
AN

b2 Pa

Figure 5: Massless non-planar double box

The topology has a basis of 12 master integrals:

g’DBPNP(e,S’t) = (IDBPNPX124(17O’1?0’1?0’0’0’0)’ IDBPNPX12(17O’1?0’1?0’0?0?0)’

IDBNP(la 07 17 07 17 07 07 07 0)7 IDBPNPX123(17 17 17 17 17 07 07 07 0)7
IDBPNPX12(1’171’171’070’0’0)7 IDBNP(LL1,151’050’0’0)5 (33)
IDBNP(Oa 17 17 07 17 17 07 07 0)7 IDBPNPX12(17 17 17 07 17 17 07 07 0)7
IDBNP(la 1, 15 0) 15 1, Oa Oa 0), IDBNP(O, 15 1, 15 17 15 17 07 0)’
IDBNP(la 1, 15 1, 15 1, 15 Oa 0), IDBNP(ly 15 1, 15 1, 15 1, _15 0)) .
The mass-dimension is factored out of the master integrals as follows
file,x) = (8)" 6 2gi(e, s, 1), (34)
with
S



6 Single top-quark topology 1

This topology has already been presented as an example in [11]. The topology is given by the
following set of propagators

P =13, 42(52 +p2)?, Pr=(li +1l2—p1+p3)?,
Py=13— mW, Ps=(lh —pa)?, Ps=(lh —p2)?, (36)
P3—(11 +p3)?, Ps=(la—p1)%, Po=(lo+ps+p1)

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

pi=0, pi=0, pi=0, pi=mi, (37)

p1 + p2 = p3 + p4, (38)

s=(p1+p2)? t=(p2—p3)° (39)
a1 p3
D2 P4

Figure 6: Single top-quark topology 1.

The topology has a basis of 31 master integrals:

g% (e, s,t,mi,my;) = (£:1(0,1,0,1,0,1,0,0,0),  1;1(0,1,0,1,1,1,0,0,0),
1,1(0,0,1,1,1,1,0,0,0),  I;1(0,1,1,1,1,1,0,0,0),
I1(1,1,0,0,0,0,1,0,0), I1(1,1,-1,0,0,0,1,0,0),
11(0,1,0,1,0,0,1,0,0), It1(—1,1,0,1,0,0,1,0,0),
141(0,0,1,1,0,0,1,0,0), It1(0,1,1,1,0,0,1,0,0),
1,:1(1,1,1,1,0,0,1,0,0),  I(1,1,1,1,-1,0,1,0,0),
I1(1,1,0,0,1,0,1,0,0), I;1(1,0,1,0,1,0,1,0,0),
1,:1(1,1,1,0,1,0,1,0,0),  I(1,1,1,-1,1,0,1,0,0), (40)
141(0,1,0,0,0,1,1,0,0), 141(0,1,0,1,0,1,1,0,0),
I;1(-1,1,0,1,0,1,1,0,0),  I1(1,1,0,1,0,1,1,0,0),
L1(1,1,-1,1,0,1,1,0,0), I1(0,1,1,1,0,1,1,0,0),
1,1(0,1,0,0,1,1,1,0,0),  I1(—1,1,0,0,1,1,1,0,0),
1,1(1,1,0,0,1,1,1,0,0),  Iy(1,1,—1,0,1,1,1,0,0),
Iﬂ(O,l,O,l,l,l,l,O 0),  I(1,1,0,1,1,1,1,0,0),
I1(1,1,1,1,1,1,1,0,0),  Iy(1,1,1,1,1,1,1,0,—1),
Ii1(1,1,1,1,1,1,1,-1,0)).
The mass-dimension is factored out of the master integrals as follows
file,x,y,2) = (mw)*dim(gi)gi(e,s,t,mt,mw), (41)
with . )
s m;
m_m%v’ y_m%,v’ Z_m%/v' (42)



7 Single top-quark topology 2

This topology has already been presented as an example in [11]. The topology is given by the
following set of propagators

P =13, Py = (ly — p2)?, P; = (l1 —ly — p1 + p3)?,
Py =13 - mW, Ps = (I1 — pa)?, Py = (I1 + p2)?, (43)
Py=(l1 +p3)%, Ps=(la—1l1—p3)? Po=(la—ps3)?

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

pi=0, p3=0, p3=0, pj=m; (44)
p1+ p2 = p3 + D4, (45)
s=(p1+p2)? t=(p2—ps) (46)

< .
AN

b2 Pa

Figure 7: Single top-quark topology 2.

The topology has a basis of 35 master integrals:

G%(e,s,t,mi, m¥,) = (I2(1,1,0,0,0,1,0,0,0), ITi2x12(—1,1,0,1,0,1,0,0,0),
Imlg(o,1,0,1,0,1,0,0,0), Itg(—l,l,o,l,o,l,0,0,0),
It2(0,1,0,1,0,1,0,0,0), It2(1,0,0,0,1,1,0,0,0 ,

)
It2(17 17 _17 07 17 17 07 07 0)7 [t2(17 17 07 07 17 17 07 07 0)7

It9%12(0,1,0,1,1,1,0,0,0),  I42(0,1,0,1,1,1,0,0,0),
Tiox12(1,1,-1,1,1,1,0,0,0), Ii2x12(1,1,0,1,1,1,0,0,0),
Iip(1,1,-1,1,1,1,0,0,0), I»(1,1,0,1,1,1,0,0,0),
I;2(0,0,1,1,1,1,0,0,0), Liox12(—1,1,1,1,1,1,0,0,0),
Ii2x12(0,1,1,1,1,1,0,0,0),  Iip(—1,1,1,1,1,1,0,0,0), (47)
I2(0,1,1,1,1,1,0,0,0), Ii5(—1,1,0,1,0,0,1,0,0),
I2(0,1,-1,1,0,0,1,0,0), I»(0,1,1,1,0,0,1,0,0),
Liox12(1,1,1,1,-1,0,1,0,0), [li2x12(1,1,1,1,0,0,1,0,0),
Iip(1,1,1,1,-1,0,1,0,0), Ii»(1,1,1,1,0,0,1,0,0),
Iip(1,1,-1,1,0,1,1,0,0), I5(1,1,0,1,0,1,1,0,0),
Iip(1,1,1,1,0,1,1,0,0), Iip(1,1,— 1,1,1,1,1,0 0),
Ii2(1,1,0,1,1,1,1,0,0), It2(1,0, ,1,1,1,1,0,0),
Iip(1,1,1,1,1,1,1,-2,0), Iip(1,1,1 ,1, ,—1,0),
Ii2(1,1,1,1,1,1,1,0,0)).
The mass-dimension is factored out of the master integrals as follows
file,x,y, 2) = (myw) "6 g (e, 5,8, my, myy), (48)
with )
m:%, y:%, z:m—zt. (49)
My My myy



8 Vector boson pair production topology 1

This topology has been considered in [12-17]. It has also already been presented as an example in
[11]. The topology is given by the following set of propagators

P =1, Py=(lo —ps —pa)?, Pr=(la—p1)?
Py=(l1 —ps —pa)?, P5s=(l1 —p3)* Py = (I — p3)?, (50)
Py =13, Ps = (ly — l2)?, Py = (ly —p1)>

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

pi=0, p3=0, pi=mj pi=mj, (51)

P11+ p2 = p3 + D4, (52)

s=(p1+p2)? t=(p—ps) (53)
b1 b3
D2 2

Figure 8: Vector boson pair production topology 1.

The topology has a basis of 31 master integrals:

g% (e, s, t,mg,ma) = (I1(1,1,1,1,0,0,0,0,0), I1(1,0,1,1,1,0,0,0,0),
I1(0,1,1,1,1,0,0,0,0),  I1(1,1,1,1,1,0,0,0,0),
I1(0,1,1,0,0,1,0,0,0),  I41(0,0,1,0,1,1,0,0,0),
It1(—1,1,1,0,1,1,0,0,0), I1(0,1,1,0,1,1,0,0,0),
141(0,0,0,1,1,1,0,0,0),  I;(1,-1,0,1,1,1,0,0,0),
,1(1,0,0,1,1,1,0,0,0),  Iy1(—1,0,1,1,1,1,0,0,0),
1,1(0,0,1,1,1,1,0,0,0),  I1(1,0,1,1,1,1,0,0,0),
I1(0,1,1,1,1,1,0,0,0),  I1(1,1,0,0,0,1,1,0,0), (54)
141(0,0,0,0,1,1,1,0,0),  I41(1,0,0,0,1,1,1,0,0),
,1(0,1,0,0,1,1,1,0,0),  Iy(1,1,-1,0,1,1,1,0,0),
;1(1,1,0,0,1,1,1,0,0),  Iy(—1,1,1,0,1,1,1,0,0),
1;1(0,1,1,0,1,1,1,0,0),  Iy(1,—1,0,1,1,1,1,0,0),
11(1,0,0,1,1,1,1,0,0), It1(0,0,1,1 1,1,1,0,0),
1;1(1,0,1,1,1,1,1,0,0),  I1(0,1,1,1,1,1,1,0,0),
Iﬂ(1,1,1,1,1,1,1,—1 0), It1(1,1,1,1,1 1,1,0,—1),
Ii1(1,1,1,1,1,1,1,0,0)).

The mass-dimension is factored out of the master integrals as follows
file,x,y,2) = (mw)*dim(gi)gi(e,s,t,mt,mw), (55)
with . )
s m;
m_m%v, y—m%v, z-m%/v. (56)



9 Vector boson pair production topology 2

This topology has been considered in [12-17]. It has also already been presented as an example in
[11]. The topology is given by the following set of propagators

P =13 Py=(la+p1—p3)? Pr=(la+ps)?
Py=(li +p1 —p3)?, Ps=(l1 —p3)?, Py = (I — ps)?, (57)
Py =13, Ps = (1 — l9)?, Py = (I +p4)*.

The momenta p; and po are incoming and p3 and py4 are outgoing. The kinematics are given by

pi=0, p3=0, pi=mj pi=mj, (58)

P11+ p2 = p3 + D4, (59)

s=(p1+p2)? t=(p—ps) (60)
pa MWW P3
b2 D1

Figure 9: Vector boson pair production topology 2.

The topology has a basis of 29 master integrals:

G%(e,s,t,mg,ms) = (I12(1,1,1,1,0,0,0,0,0), I;2(1,0,1,1,1,0,0,0,0),
I12(0,1,1,0,0,1,0,0,0),  I12(0,0,1,0,1,1,0,0,0),
I12(1,0,0,1,1,1,0,0,0),  I12(0,0,1,1,1,1,0,0,0),
I12(1,0,1,1,1,1,0,0,0),  I»(1,1,1,0,0,0,1,0,0),
I12(1,0,1,0,1,0,1,0,0), It2(100001100),
I12(1,1,0,0,0,1,1,0,0),  I1»(0,1,1,0,0,1,1,0,0),
Ii2(1,1,1,0,0,1,1,0,0),  I12(0,0,0,0,1,1,1,0,0),
Ii2(1,-1,0,0,1,1,1,0,0), I»(1,0,0,0,1,1,1,0,0), (61)
I2(1,1,0,0,1,1,1,0,0),  I1o(—1,0,1,0,1,1,1,0,0),
I12(0,0,1,0,1,1,1,0,0),  I1»(1,0,1,0,1,1,1,0,0),
Iio(—1,1,1,0,1,1,1,0,0), I1»(0,1,1,0,1,1,1,0,0),
Ii2(1,1,1,0,1,1,1,0,0),  Iio(1,-1,0,1,1,1,1,0,0),
I12(1,0,0,1,1,1,1,0,0),  I12(0,0,1,1,1,1,1,0,0),
I2(1,0,1,1,1,1,1,0,0),  Iio(1,1,1,1,1,1,1,—1,0),
I15(1,1,1,1,1,1,1,0,0)).

The mass-dimension is factored out of the master integrals as follows

file,z,y,2) = (mw) "D g, (e, 5,8, my, myy), (62)
with )
t
m:%, Y= —5, z:m—zt. (63)
myy myy myy
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